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On the analytical properties of the magneto-conductivity in the case of presence of
stable open electron trajectories on a complex Fermi surface.
A.Ya. Maltsev.
L.D. Landau Institute for Theoretical Physics
142432 Chernogolovka, pr. Ak. Semenova 1A, maltsev@itp.ac.ru
We consider the electric conductivity in normal metals in presence of a strong magnetic field. It
is assumed here that the Fermi surface of a metal has rather complicated form such that different
types of quasiclassical electron trajectories can appear on the Fermi level for different directions
of B. The effects we consider are connected with the existence of regular (stable) open electron
trajectories which arise in general on complicated Fermi surfaces. The trajectories of this type have
a nice geometric description and represent quasiperiodic lines with a fixed mean direction in the
p-space. Being stable geometric objects, the trajectories of this kind exist for some open regions in
the space of directions of B, which can be represented by “Stability Zones” on the unit sphere S2.
The main goal of the paper is to give a description of the analytical behavior of conductivity in the
Stability Zones, which demonstrates in general rather nontrivial properties.
I. INTRODUCTION.
Our considerations here will be connected with the ge-
ometry of the quasiclassical electron trajectories on the
Fermi surface in the presence of a strong magnetic field.
The main goal of the paper is to give a detailed consider-
ation of the contribution of the stable open trajectories
to the conductivity tensor in the limit ωBτ → ∞. As
we will see below, in spite of rather regular geometric
properties of the stable (generic) open trajectories, their
contribution to magneto-conductivity is quite non-trivial
from analytical point of view, which is caused by nontriv-
ial statistical properties of the trajectories of this kind.
Here we will try to represent a general picture of the
magneto-conductivity behavior in the case of presence of
such trajectories on the Fermi surface, including the de-
scription of the dependence of conductivity on both the
magnitude and the direction of B. As we will see, both
the structure of a “Stability Zone” on the angle diagram
and the conductivity behavior in strong magnetic fields
will demonstrate actually rather non-trivial properties.
We will base our considerations on the topological pic-
ture for the electron dynamics in the space of the quasi-
momenta, arising for general dispersion relation ǫ(p) un-
der the presence of a magnetic field. So, according to
standard approach we will assume that the electron states
in the conduction band are parametrized by the values of
the quasimomenta p which in fact should be considered
as points of the three-dimensional space, factorized over
the vectors of the reciprocal lattice:
T3 = R3
/
{n1a1 + n2a2 + n3 a3} ,
n1 , n2 , n3 ∈ Z
The basis vectors of the reciprocal lattice are connected
with the basis vectors (l1, l2, l3) of the direct lattice by
the formulae
a1 = 2π~
l2 × l3
(l1, l2, l3)
, a2 = 2π~
l3 × l1
(l1, l2, l3)
,
FIG. 1: The canonical representation of the surfaces of genus
0, 1, 2 (etc ...).
a3 = 2π~
l1 × l2
(l1, l2, l3)
and define the fundamental (Brillouen) zone in the
p - space.
The opposite faces of the parallelepiped formed by
(a1, a2, a3) should be identified with each other, so the
space of the electron states (for a given conduction band)
represents in fact the three-dimensional torus T3.[38]
The dispersion relation ǫ(p) can be considered either
as a 3-periodic function in the p - space or just as a
smooth function on the compact manifold T3, given by
the factorization of the p - space over the reciprocal
lattice L. In the same way, the constant energy lev-
els ǫ(p) = const can be considered either as 3-periodic
two-dimensional surfaces in the p - space or as smooth
compact surfaces Sǫ ⊂ T
3 embedded in the three-
dimensional torus T3. Being considered in the last way,
every nonsingular energy level represents a smooth com-
pact orientable surface, which is topologically equivalent
to one of the canonical surfaces defined by genus g (Fig.
1).
The genus g of the Fermi surface represents an impor-
tant topological characteristic of the electron spectrum
in metal. Another important topological characteristic
of the electron spectrum is the way of embedding of the
Fermi surface in T3. As an example, Fig. 2 represents
an embedding of a genus 3 surface in the first Brillouen
zone having “maximal rank”.
The quasiclassical evolution of the electron states in
the presence of external homogeneous magnetic field B
can be described by the adiabatic equation (see e.g. [16,
2FIG. 2: The embedding of “maximal rank” of the surface of
genus 3 in the torus T3.
B
FIG. 3: The general picture of intersection of a complicated
3-periodic surface with the planes orthogonal to generic di-
rection of B.
35]):
p˙ =
e
c
[vgr(p) × B] =
e
c
[∇ǫ(p) × B] (I.1)
in the space of the quasimomenta.
The equation (I.1) is analytically integrable in
p - space and the quasiclassical trajectories are given
by the intersections of the constant energy surfaces
ǫ(p) = const with the planes orthogonal to B. How-
ever, despite this analytical property of system (I.1),
the global geometry of the quasiclassical trajectories in
p - space can be rather complicated. The reason for this
circumstance is that the total p - space is not compact
while in T3 the function ǫ(p) represents the only one-
valued integral of motion of (I.1). In general, we can
expect rather complicated picture of intersection of the
3-periodic surface ǫ(p) = const with the planes orthog-
onal to general (totally irrational) direction of B (see
e.g. Fig. 3).
As it is usual for the case of normal metals, we will
assume here that all the electron states with energies be-
low the Fermi energy ǫF are occupied by electrons, while
all the electron states with energies above the Fermi en-
ergy are empty. The Fermi surface SF : ǫ(p) = ǫF
represents a two-dimensional surface in T3 separating
occupied electron states from the empty ones. We have
naturally ǫmin < ǫF < ǫmax where ǫmin and ǫmax are
B B
b)a)
FIG. 4: Closed (a) and periodic (b) quasiclassical electron
trajectories on different Fermi surfaces in p - space (only one
Brillouen zone is shown).
the minimal and maximal possible electron energies in
the conductivity zone.
System (I.1) conserves the energy of a particle and also
the phase volume element d3p. As a consequence, the
evolution according to system (I.1) does not change the
Fermi distribution of the quasiparticles or more general
temperature dependent equilibrium distributions
n (p) =
1
e(ǫ(p)−µ)/T + 1
However, it appears that the form of the trajectories of
(I.1) plays an important role for the response of the elec-
tron system to the small electric fields E, which defines
the magneto-conductivity properties of normal metals.
Due to the high degeneracy of the electron gas in metals,
all the properties of such transport phenomena are de-
fined in fact by the properties of system (I.1) just on the
one energy level ǫ = ǫF , i.e. just on the one (Fermi)
energy surface ǫ(p) = ǫF .
The role of the global geometry of the quasiclassi-
cal electron trajectories in the transport phenomena in
strong magnetic fields was first revealed by the school of
I.M. Lifshitz (I.M. Lifshitz, M.Ya. Azbel, M.I. Kaganov,
V.G. Peschansky) in 1950’s (see [17–21, 23]). Thus, in
paper [17] a crucial difference in contribution to magneto-
conductivity of closed (Fig. 4, a) and open periodic (Fig.
4, b) quasiclassical trajectories in the limit B → ∞ was
pointed out.
As was shown in [17], the contribution to the magneto-
conductivity of the trajectories of the first kind is al-
most isotropic in the plane orthogonal to B and has a
rapidly decreasing character in this plane as B → ∞.
In contrast, the presence of the open periodic trajectories
gives an additional contribution to the conductivity in
the plane orthogonal to B, which is strongly anisotropic
in the limit B → ∞. The asymptotic form of the con-
ductivity tensor in the plane orthogonal to B in the de-
scribed cases can be represented as
σαβ ≃
ne2τ
m∗
(
(ωBτ)
−2 (ωBτ)
−1
(ωBτ)
−1 (ωBτ)
−2
)
, ωBτ → ∞
(I.2)
3yp
xpa) b) x
y
FIG. 5: The quasiclassical electron trajectory in p - space (a)
and its projection on the plane, orthogonal to B, in x - space
(b).
(closed trajectories),
σαβ ≃
ne2τ
m∗
(
(ωBτ)
−2 (ωBτ)
−1
(ωBτ)
−1 ∗
)
, ωBτ → ∞
(I.3)
(open periodic trajectories), after an appropriate choice
of coordinates. (Here and below the notation ∗ means
just a constant of the order of unity).
The formulae (I.2) - (I.3) represent the asymptotic
form of the conductivity tensor, so all the equalities give
actually just the order of the absolute value of the corre-
sponding quantities.
The value m∗ represents here just some (approximate)
effective mass of electron in crystal and τ denotes the
mean free electron time defined by the intensity of the
scattering processes.
The value
ωB ≃
eB
m∗c
can be considered as an “approximate value” of the cy-
clotron frequency in the crystal. From geometrical point
of view ωB represents approximately the inverse time of
motion along a closed trajectory (Fig. 4, a) or the inverse
time of motion through one Brillouen zone for periodic
open trajectories (Fig. 4, b). It becomes clear from this
point of view that the global geometry of the quasiclas-
sical trajectories reveals exactly in the limit ωBτ → ∞
when the mean free electron time exceeds the time of mo-
tion inside one Brillouen zone. Let us say here that for ex-
perimental observation of the “geometric strong magnetic
field limit” rather pure materials under rather low tem-
peratures (T ∼ 1K) and rather strong magnetic fields
(B ∼ 104Gs) should be usually used.
In formula (I.3) the x - axis is chosen along the mean
direction of the periodic trajectories in p - space. As
can be easily derived from system (I.1), the projection
of the corresponding trajectory in coordinate space onto
the plane orthogonal to B is given just by the rotation
of the trajectory in p - space by 90◦ (Fig. 5).
We can see then that even very strong magnetic field
does not block the electron motion along the y - axis in
the coordinate space in the presence of the trajectories
shown at Fig. 4, b. As a result, the y - component of
conductivity in the plane orthogonal to B remains finite
in the limit ωBτ → ∞. The strong anisotropy of the
conductivity tensor in this situation gives an experimen-
tal possibility to observe this phenomenon as well as to
determine the mean direction of the open trajectories in
p - space.
The conductivity along the direction of B remains fi-
nite in the limit ωBτ → ∞ in both the cases described
above. The asymptotic forms of the full conductivity
tensor in x - space can be represented as:
σkl ≃
ne2τ
m∗

 (ωBτ)
−2 (ωBτ)
−1 (ωBτ)
−1
(ωBτ)
−1 (ωBτ)
−2 (ωBτ)
−1
(ωBτ)
−1 (ωBτ)
−1 ∗

 ,
ωBτ → ∞ (I.4)
(closed trajectories),
σkl ≃
ne2τ
m∗

 (ωBτ)
−2 (ωBτ)
−1 (ωBτ)
−1
(ωBτ)
−1 ∗ ∗
(ωBτ)
−1 ∗ ∗

 ,
ωBτ → ∞ (I.5)
(open periodic trajectories).
Let us note here that both the trajectories shown at
Fig. 4 are actually closed in the torus T3. However,
their embeddings in T3 are completely different from
topological point of view. Thus, the embedding of the
trajectory shown at Fig. 4, a is “homologous” to zero,
while the embedding of the trajectory shown at Fig. 4,
b represents a nonzero homology class in T3. Certainly,
the difference between the trajectories shown at Fig. 4,
a and Fig. 4, b is more evident in the covering
p - space where they have different global geometry.
Let us say here also, that both the situations shown
at Fig. 4 a,b represent the special case when the con-
ductivity tensor can be represented as a regular series in
powers of (ωBτ)
−1 in the limit ωBτ → ∞. Thus, we
can actually write here
σkl(B) ≃
ne2τ
m∗

 0 0 00 0 0
0 0 ∗

 +
+
ne2τ
m∗

 0 ∗ ∗∗ 0 ∗
∗ ∗ 0

 (ωBτ)−1 +
+
ne2τ
m∗

 ∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗

 (ωBτ)−2 + . . . (I.6)
4(closed trajectories),
σkl(B) ≃
ne2τ
m∗

 0 0 00 ∗ ∗
0 ∗ ∗

 +
+
ne2τ
m∗

 0 ∗ ∗∗ 0 ∗
∗ ∗ 0

 (ωBτ)−1 +
+
ne2τ
m∗

 ∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗

 (ωBτ)−2 + . . . (I.7)
(open periodic trajectories), where the even powers of
ωBτ correspond to the symmetric part of σ
kl(B) , while
the odd powers of ωBτ represent the anti-symmetric part
in accordance with the Onsager relations.
As we will see below, this situation does not take place
for general open electron trajectories on the Fermi sur-
face.
In papers [18, 19] different examples of complicated
Fermi surfaces and more general types of open electron
trajectories in strong magnetic fields were considered.
The trajectories considered in [18, 19] are in general
not periodic and are non-closed both in T3 and the
p - space and represent the first examples of the sta-
ble open electron trajectories on a complicated Fermi
surface. The form of the trajectories found in [18, 19]
demonstrates also strongly anisotropic properties, so the
strong anisotropy of the conductivity tensor in the limit
ωBτ → ∞ is also expected in this case. As was pointed
out in [15], the analytical behavior of conductivity in
these examples can in fact be different from (I.5) and
demonstrate a slower approach to its limiting form in the
interval of not extremely strong magnetic fields. Here we
will try to study this question in general case using the
topological description of the stable open trajectories on
the Fermi surface.
In the survey articles [20–22] and also in the book [23]
a remarkable review of both the theoretical and experi-
mental investigations of this branch of electron theory of
metals made at that time can be found. Let us give here
also a reference on a survey article [15] where the same
topics were revisited after forty years and which contains
also the aspects appeared in the later period.
The general problem of classification of all possible
types of trajectories of dynamical system (I.1) with
arbitrary (periodic) dispersion law ǫ(p) was set by
S.P. Novikov ([27]) and was intensively investigated in
his topological school (S.P. Novikov, A.V. Zorich, S.P.
Tsarev, I.A. Dynnikov). The topological investigation of
system (I.1) has led to rather detailed understanding of
the geometry of the trajectories of different types and
gave finally the full classification of all possible types of
trajectories of (I.1). One of the most important parts
of the mathematical theory of the trajectories of (I.1),
which will be also of great importance in the present
paper, is connected with the detailed description of the
FIG. 6: A stable (quasiperiodic) open trajectory of system
(I.1) passing through a straight strip of a finite width in the
plane orthogonal to B.
stable open trajectories of system (I.1). Let us say here
that the most important breakthroughs in this problem
were made in papers [8, 36] where rather deep topologi-
cal theorems about non-closed trajectories of system (I.1)
were proved.
Using the topological description of the stable open
trajectories of system (I.1) it was possible to introduce
important topological characteristics of the stable non-
trivial regimes of the magneto-conductivity behavior in
the limit ωBτ → ∞ , which were introduced in paper
[28]. In general, the characteristics introduced in [28]
can be described in the following way:
Let us exclude now the “trivial” cases when we have
just closed electron trajectories on the Fermi surface in
p - space and consider the situation when open trajecto-
ries (in p - space) are present on the Fermi level. Besides
that, let us require that the open trajectories are stable
with respect to small rotations of B such that we have
a “Stability Zone” in the space of directions of B, where
similar open trajectories exist on the Fermi level.
As can be extracted from the topological description
of the stable open trajectories of system (I.1), the trajec-
tories of this type demonstrate the following remarkable
properties:
1) Every stable open (in p - space) trajectory of (I.1)
lies in a straight strip of a finite width in the plane or-
thogonal to B, passing through it from −∞ to +∞
(Fig. 6);
2) The mean direction of all open stable trajectories
in p - space is given by the intersection of the plane
orthogonal to B and some integral (generated by two
reciprocal lattice vectors) plane Γ, which is the same for
a given “Stability Zone” in the space of directions of B.
Let us note here that the statement (1) was first formu-
lated by S.P. Novikov in the form of a conjecture, which
was proved later for the stable open trajectories of (I.1)
([8, 36]).
As was pointed out in [28], the integral planes Γα
represent experimentally observable objects view the re-
markable geometric properties of the open stable trajec-
tories, described above. Thus, measuring the conduc-
tivity in the limit ωBτ → ∞, we can observe strongly
5anisotropic behavior of conductivity in the planes orthog-
onal to B for all B/B ∈ Ωα and extract the integral
plane Γα, which is swept by the directions of the highest
decreasing of conductivity in the x - space.
More precisely, let us introduce the values
σkl∞ (B/B) = limωBτ→∞
σkl(B) , k, l = 1, 2, 3
Then, we can chose a basis in x - space
(
e1(B) , e2(B) , e3 = B/B
)
,
smoothly depending on B in Ωα, where the values σ
kl
∞
will have the form
σkl∞ =
ne2τ
m∗

 0 0 00 ∗ ∗
0 ∗ ∗

 (I.8)
As was said above, the direction of the vector e1(B)
is given by the intersection of the plane orthogonal to B
with an integral plane, i.e. the plane generated by two
reciprocal lattice vectors q1, q2, which is the same for
the Zone Ωα.
The integral plane Γα can be represented by an indi-
visible triple of integer numbers (M1α, M
2
α, M
3
α) accord-
ing to the equation
M1α (x , l1) + M
2
α (x , l2) + M
3
α (x , l3) = 0 (I.9)
where (l1, l2, l3) are the basis direct lattice vectors.
The numbers (M1α, M
2
α, M
3
α) were called in [28] the
topological quantum numbers observable in conductiv-
ity of normal metals. Let us say here that the triples
(M1α, M
2
α, M
3
α) can be rather nontrivial for complicated
Fermi surfaces.
The complete Zone Ωα can be called here the math-
ematical Stability Zone, corresponding to a given Fermi
energy. We have to say here, however, that in exper-
imental study of magneto-conductivity it is natural to
introduce extended “experimentally observable Stability
Zone” Ωˆα (Ωα ⊂ Ωˆα) due to specific behavior of tra-
jectories of system (I.1) near the boundary of Ωα. Every-
where in Ωˆα the behavior of conductivity is experimen-
tally indistinguishable from that in Ωα even under good
formal implementation of the condition ωBτ ≫ 1 until
the magnitude B of magnetic field becomes extremely
high. The conventional form of Ωˆα depends actually on
the experimental conditions and is determined mainly by
the maximal values of B in experiment. The difference
between the Zones Ωˆα and Ωα, which can be detected
only in extremely strong magnetic fields, represents in
fact one of essential features of analytical behavior of
conductivity, considered here.
Let us note now that the stable open quasiclassical tra-
jectories do not represent all possible types of non-closed
trajectories of system (I.1) and trajectories with more
complicated geometry can arise on complicated Fermi
surfaces for some special directions of B. Thus, the first
example of trajectory which can not be restricted by any
straight strip of a finite width was constructed by S.P.
Tsarev ([34]). The trajectory of Tsarev demonstrates
explicit chaotic behavior on the Fermi surface and is es-
sentially different from the stable open trajectories from
this point of view. On the other hand, the Tsarev tra-
jectory is also strongly anisotropic in the p - space and
has an asymptotic direction in the plane orthogonal to
B. So, from experimental point of view the contribu-
tion of Tsarev trajectories to the magneto-conductivity
is also strongly anisotropic in the limit ωBτ → ∞ and
corresponds to the regime (I.8). Let us say, however,
that the Tsarev chaotic trajectories are completely un-
stable under small rotations of B and are not connected
with topologically stable characteristics unlike the stable
open trajectories discussed above. We have to say also,
that the trajectories of Tsarev type (if they present) can
appear just for the set of zero measure in the space of
directions of B.
Another example of non-closed trajectory of (I.1)
which demonstrates strongly chaotic behavior both in T3
and in p - space was constructed by I.A. Dynnikov in [9].
The trajectories of Dynnikov are rather different from
the Tsarev chaotic trajectories and require the maximal
irrationality of the direction of B to be observed. The
behavior of the conductivity tensor in the presence of the
chaotic trajectories constructed in [9] was investigated in
[24] and appeared to be rather different from both the
regimes given by (I.4) and (I.5). The most interesting
feature of the contribution to the conductivity tensor of
the trajectories of this kind is that the presence of such
trajectories suppresses the conductivity in all directions,
including the direction of B, in the limit ωBτ → ∞.
In general, the Tsarev and Dynnikov chaotic trajecto-
ries demonstrate two different general types of possible
chaotic behavior of trajectories of system (I.1), so in this
sense all chaotic trajectories of (I.1) can be attributed
to the Tsarev or Dynnikov type. Let us say here that
different properties of chaotic trajectories of system (I.1)
are also intensively investigated in modern mathematical
literature (see [3–7, 10–12, 32, 33, 37]).
The directions of B , corresponding to the chaotic
open trajectories, can appear only outside the “Stability
Zones”, corresponding to the stable open trajectories of
system (I.1). In the same way, the chaotic open trajecto-
ries of different types (Tsarev or Dynnikov type) can not
appear at the same direction of B. Let us say, however,
that in general the contribution of non-closed trajecto-
ries to the conductivity tensor should be added with the
contribution (I.4) of closed trajectories of system (I.1),
which usually present together with open trajectories (of
any kind) at the same Fermi surface.
For more rigorous description of possible situations in
the behavior of trajectories of (I.1) with arbitrary pe-
riodic dispersion law let us give here a reference to a
detailed mathematical survey [10], devoted to this ques-
tion. The detailed consideration of different physical re-
6sults based on the results of topological investigations of
system (I.1) can be found in [25, 26, 29].
Our main goal in this paper will be more detailed in-
vestigation of the conductivity behavior in the “Stabil-
ity Zones”, based on the detailed topological descrip-
tion of the stable open electron trajectories arising for
the corresponding directions of B. As we said already,
the corresponding stable open trajectories demonstrate
rather regular geometric properties in the planes orthog-
onal to B . Thus, all the stable open trajectories have
the form shown at Fig. 6 and the same mean direction in
p - space, given by the intersection of the plane orthog-
onal to B with an integral plane Γα, which is fixed
for the corresponding Stability Zone Ωα. As a result,
the conductivity tensor has the asymptotic form (I.8)
in the limit ωBτ → ∞ and demonstrates the specific
geometric properties described above. These geometric
(or topological) properties of the conductivity tensor give
the most stable (topological) characteristics of the con-
ductivity for a given “Stability Zone” and are connected
with the “purely geometric” limit ωBτ → ∞. At the
same time, we will see below, that the conductivity ten-
sor demonstrates in general rather nontrivial analytical
dependence on B in different parts of “experimentally
observable” Stability Zones, which is caused by specific
features of different trajectories of system (I.1) in these
regions. Here we will investigate the analytical properties
of conductivity for the case of rather big (but finite) val-
ues of the parameter ωBτ using topological description
of “carriers of open trajectories” on the Fermi surface,
defined for the corresponding directions of B. As we
will see below, both the dependence on the parameter
ωBτ and on the direction of B demonstrate here rather
nontrivial properties.
In the next section we will give a description of “exper-
imentally observable” Stability Zone and try to describe
the main features of the analytical behavior of conduc-
tivity in its different parts, which gives from our point
of view the main points of the picture arising in gen-
eral case. In Sections III and IV we will present more
detailed consideration of the contribution of the stable
open trajectories to the magneto-conductivity, based on
the topological description of such trajectories on compli-
cated Fermi surfaces. Sections III and IV will have more
mathematical character in comparison with Section II.
II. THE ANALYTICAL BEHAVIOR OF
CONDUCTIVITY IN THE EXPERIMENTALLY
OBSERVABLE STABILITY ZONE.
To describe briefly the general picture, let us point out
now the main points, which will play the most essential
role in our considerations below. This section will be
mostly descriptive, while more detailed analysis will be
presented in Sections III, IV.
As we said already, the stable open trajectories demon-
strate quasiperiodic properties for generic directions of
B (B/B ∈ Ωα). However, they become purely periodic
for some special directions of the magnetic field. It’s not
difficult to see that the last situation arises every time
when the plane orthogonal to B intersects the plane Γα
along an integer vector in p - space:
a = k1 q1 + k2 q2 = m1 a1 + m2 a2 + m3 a3 (II.1)
(k1, k2, m1, m2, m3 ∈ Z).
Both the cases of the quasiperiodic and the periodic
trajectories lead in this situation to the conductivity ten-
sor (I.8) in the limit ωBτ → ∞, having the same stable
geometric properties for a given “Stability Zone”. How-
ever, as we will see below, the limiting values of the com-
ponents σ22, σ23, σ32, σ33, i.e. the values
σkl∞ (B/B) = limωBτ→∞
σkl(B) , k, l = 2, 3
(B/B is fixed), will have here sharp “jumps” with respect
to the same values, defined for close generic directions of
B.
More precisely, we can introduce the functions
σ¯kl∞ (B/B) , (k, l = 2, 3) , which represent continuous
functions of n = B/B in Ωα and coincide with the
corresponding values σkl∞ (B/B) for generic directions
B/B ∈ Ωα. However, for special directions of B de-
scribed above we will have σkl∞ (B/B) 6= σ¯
kl
∞ (B/B) ,
which is caused by special features of statistical aver-
aging over the open trajectories of (I.1) near the Fermi
surface. It’s not difficult to show also that we will always
have the inequalities
σ22∞ (B/B) − σ¯
22
∞ (B/B) > 0 ,
σ33∞ (B/B) − σ¯
33
∞ (B/B) > 0
for these special directions of B, while the signs of
σkl∞ (B/B) − σ¯
kl
∞ (B/B) , k 6= l , are in general in-
definite.
The directions B/B ∈ Ωα, corresponding to a fixed
rational mean direction a of open trajectories, repre-
sent a one-dimensional curve γα
a
(on S2) given by the
intersection of the big circle, orthogonal to a, and the
Stability Zone Ωα (Fig. 7 a). We have to say, how-
ever, that according to a more detailed consideration the
periodic trajectories exist actually on some bigger curve
γˆα
a
representing extension of the curve γα
a
outside the
Stability Zone Ωα (Fig. 7 b). All the open trajecto-
ries have the same mean direction a for all B/B ∈ γˆα
a
and the area covered by the periodic trajectories on the
Fermi surface vanishes at the endpoints of γˆα
a
. The open
periodic trajectories demonstrate stability properties in-
side the Stability Zone Ωα and become unstable outside
Ωα on the curve γˆ
α
a
. Let us note also here that the
measure of generic (quasiperiodic) open trajectories on
the Fermi surface remains finite up to the boundary of
7Ω α
γα
a
Ω α
γα
a
a) b)
^
FIG. 7: (a) A schematic representation of the family γα
a
of
special directions of B, corresponding to a rational mean di-
rection a of open trajectories, within a Stability Zone Ωα.
(b) The full one-dimensional set γˆα
a
of directions of B, cor-
responding to existence of periodic trajectories with mean di-
rection a, intersecting the Stability Zone Ωα.
Chaotic trajectories
of Tsarev or Dynnikov type
Stability Zones
(stable open
trajectories)
Unstable periodic
  trajectories
trajectoriesClosed   
.
.
.
.
.
.
.
.
FIG. 8: A schematic angle diagram showing different situa-
tions for different directions of B on the unit sphere.
a Stability Zone. In general, the schematic angle dia-
gram corresponding to a complicated Fermi surface can
be represented by Fig. 8.[39]
We can see then that every Stability Zone Ωα is actu-
ally covered by an everywhere dense net representing the
“special directions” of B corresponding to different ra-
tional mean directions a of the stable open trajectories
(Fig. 9). The set of all possible rational mean directions
a of the open trajectories is given by two conditions:
1) a ∈ Γα ,
2) Ca ∩ Ωα 6= Ø ,
where Ca is the big circle orthogonal to the direction a.
Everywhere on the net we have the situation
σkl∞ (B/B) 6= σ¯
kl
∞ (B/B) ,
however, the difference
|σkl∞ (B/B) − σ¯
kl
∞ (B/B)|
decreases with the growth of the numbers (m1, m2, m3)
in (II.1). As we will see below, the approximate evalu-
ation for this difference for complicated Fermi surfaces
can be written in the form
|σkl∞ (B/B) − σ¯
kl
∞ (B/B)| ∼
ln2(|m1|+ |m2|+ |m3|)
(|m1|+ |m2|+ |m3|)
2 ,
(II.2)
(k, l = 2, 3).
a) b)
FIG. 9: The dense nets of directions of B inside Ωα, corre-
sponding to arising of periodic trajectories, in the cases when
the direction orthogonal to Γα does not belong to Ωα (a)
and when this direction belongs to Ωα (b).
a) b)
FIG. 10: The full sets of directions of B near Ωα, correspond-
ing to arising of periodic trajectories on the Fermi surface.
In the physical situation, when the values of B are
finite but rather big, the “jumps” on the curves γα
a
be-
come very sharp “peaks” on these curves, which can be
called the “rational peaks” in the values of magneto-
conductivity according to rationality of the mean direc-
tion of the corresponding open trajectories in p - space.
The second important point in our picture is connected
with the behavior of trajectories of system (I.1) near the
boundaries of the Stability Zones Ωα outside the Stabil-
ity Zones. As we have already said, the periodic trajec-
tories of system (I.1) on the Fermi level exist in fact for
directions of B belonging to the extended curves γˆα
a
, so
only at the endpoints of γˆα
a
the measure of the trajecto-
ries with the period a on the Fermi surface is equal to
zero. As a result, the full set of directions of B near Ωα ,
corresponding to the presence of open trajectories on the
Fermi level, represents the Stability Zone Ωα with a set
of additional segments near Ωα, which is dense on the
boundary of Ωα (Fig. 10). [40]
At the same time, the measure of open trajectories on
the Fermi surface for generic directions B/B /∈ γˆα
a
re-
mains finite up to the boundary of the Stability Zone and
jumps abruptly to zero outside Ωα. The transformation
of the open trajectories on the boundary of Ωα leads in
this case to appearance of very long closed trajectories
near the boundary of Ωα which are very similar to open
trajectories from experimental point of view up to very
(extremely) high values of B. We can state then that in
experimental observation of conductivity we observe ac-
tually some “extended Stability Zone” Ωˆα, including the
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FIG. 11: The “extended Zones” Ωˆα observable in experi-
ments.
exact Stability Zone as a subset. The boundaries of the
“extended Zone” Ωˆα are in a sense conditional and de-
pend on the maximal values of B used in the experiment.
We can claim, however, that the experimentally observ-
able Stability Zone exceeds the exact Stability Zone by
a set of a finite measure for any arbitrary big maximal
value of magnetic field Bmax (see Fig. 11).
The set Λα = Ωˆα/Ωα can be called a “supplement”
to the Stability Zone Ωα arising in the experimental ob-
servation of conductivity in strong magnetic fields.
It is possible to introduce also the values σkl∞ (B/B)
and σ¯kl∞ (B/B) , in the regions Λα, which will have the
same meaning as in the regions Ωα. In these regions
we will have identically: σ¯22∞ ≡ σ¯
23
∞ ≡ σ¯
32
∞ ≡ 0 . Like
in Ωα, we will have here σ
kl
∞ (B/B) ≡ σ¯
kl
∞ (B/B) for
generic directions of B and in general σkl∞ (B/B) 6=
σ¯kl∞ (B/B) for B/B ∈ γˆ
α
a
.
Both inside the regions Ωα and Λα the approach of
the values of σkl to their limiting values σkl∞ is rather
irregular (but with some general trend), which makes the
conductivity behavior rather nontrivial from the experi-
mental point of view even for the values of B, satisfying
the formal criterion ωBτ ≫ 1.
First, as we have already noted, the values σkl∞ (B/B)
are different from the values σ¯kl∞ (B/B) on the curves
γˆα
a
both in the regions Ωα and Λα. These values are
continuous along every curve γˆα
a
up to the boundary of
the Zone Ωˆα (more precisely, up to the endpoints of γˆ
α
a
),
at the same time, they are discontinuous in the transverse
directions to γˆα
a
.
Formally speaking, all the open trajectories in the
Zone Λα are periodic, so their contribution to magneto-
conductivity can be represented in the regular form (I.5).
However, as can be easily seen, the period of the trajec-
tories given by formula (II.1) can be rather large for big
numbers (m1,m2,m3). As a result, the features of the
regular expansion can be observed actually just on the
scales
ωBτ ≫ |m1|+ |m2|+ |m3| .
At the same time, on the scales of the values of B , sat-
isfying the condition
1 < ωBτ < |m1|+ |m2|+ |m3| , (II.3)
the contribution of the periodic trajectories reveals the
properties, analogous to those corresponding to generic
open trajectories. We can state then, that for big values
of |m1|+ |m2|+ |m3| the periodic open trajectories are
indistinguishable from the generic ones if the values of
B satisfy restriction (II.3). Let us say here also, that
under the same restrictions on B the periodic open tra-
jectories are also indistinguishable from the long closed
trajectories in the vicinity of the curve γˆα
a
in the Zone
Λα.
Let us now make some remarks concerning the experi-
mental study of the magneto-conductivity in (monocrys-
talline) metals having complicated Fermi surfaces. Let us
note first that the measuring the magneto-conductivity
in presence of the open trajectories very often is being
made for directions of B belonging to the largest “Sta-
bility Zones”, characterized by the biggest area and the
highest symmetry on the angle diagram. Rather often it
is convenient also to fix just a small set of directions of
B inside the Stability Zone and to measure the magneto-
conductivity changing the magnitude B of the magnetic
field. According to the design of the research facility it
appears rather often that the corresponding set of direc-
tions of B represents in fact some symmetric or “ratio-
nal” points on the angle diagram, such that all (or a part)
the directions belong actually to some curves γˆα
a
⊂ Ωˆα
corresponding to rather simple periods a of the open
trajectories. This is exactly the case when the magneto-
conductivity demonstrates the regular behavior (I.7) un-
der the simple condition ωBτ ≫ 1.
The corresponding magneto-resistance tensor can be
written here in the form
ρkl ≃
m∗
ne2τ

 (ωBτ)
2 ωBτ ωBτ
ωBτ ∗ ∗
ωBτ ∗ ∗

 +
+
m∗
ne2τ

 0 ∗ ∗∗ 0 ∗
∗ ∗ 0

 (ωBτ)−1 +
+
m∗
ne2τ

 ∗ ∗ ∗∗ ∗ ∗
∗ ∗ ∗

 (ωBτ)−2 + . . . (II.4)
In particular, the behavior of the transverse resistivity
(j ⊥ B) demonstrates a regular quadratic law:
ρ⊥ ∼ B
2 cos2ϕ + const , ωBτ ≫ 1 , (II.5)
where ϕ is the angle with the x-axis in our coordinate
system.
The situation is rather different in the case when the
open trajectories have an irrational mean direction
dˆ ∼ q1 + κq2 , κ /∈ Q (II.6)
in the plane Γα. From one point of view, the limiting
values of the conductivity tensor are also given here by
the relations (I.8) in the limit ωBτ → ∞. At the same
9time, the regular series (I.7), (II.4) can not be written in
general for generic mean direction of the open trajecto-
ries. It can be shown also that the asymptotic behavior
of the values σkl(B) demonstrates here a slower (irreg-
ular) approach to their limiting values σ¯kl∞(B/B). In
general, the asymptotic behavior of σkl(B) inside Ωα
for irrational mean direction of the open trajectories can
be represented in the form:
σkl(B) =

 a
2(B) b(B) c(B)
− b(B) σ¯22∞ + q
2(B) σ¯23∞ + r(B)
− c(B) σ¯23∞ − r(B) σ¯
33
∞ + p
2(B)

 ,
(II.7)
where the functions a(B), b(B), c(B) have the following
asymptotic behavior
a(B) ∼ b(B) ∼ c(B) ∼ (ωBτ)
−1 (II.8)
At the same time, the functions q(B), p(B) have the
following “general trend”
q(B) ∼ p(B) ∼
ln ωBτ
ωBτ
(II.9)
Let us emphasize here that the relation ∼ in (II.9)
means just some general trend in the behavior of the
corresponding functions which admits additional irreg-
ular corrections on the finite scales. In general, these
corrections can be characterized as “cascades of step-like
perturbations” with the structure defined by the proper-
ties of the number κ (Fig. 12). Let us note here that
the behavior of q(B), p(B) can demonstrate noticeable
local deviations from the trend for special irrational κ
which can be approximated by rational numbers with a
high precision. In particular, the last circumstance can
be important for the directions of B close to the special
directions B/B ∈ γα
a
which were discussed above.
The behavior of the function r(B) is even more com-
plicated compared with that of q(B) and p(B) . Here
we would like to suggest just the following “reliable” re-
striction
|r(B)| ≤
ln ωBτ
ωBτ
(II.10)
on the B - dependence of the function r(B) which can
demonstrate rather irregular behavior at different values
of B .
Another essential feature of the relations (II.9) - (II.10)
is that the simple condition ωBτ ≫ 1 is not sufficient
here to get the values σkl∞ with a good precision. The
latter circumstance can be understood from the fact that
the values σkl∞ are given now by the averaging of certain
dynamical values over a complicated part of the Fermi
surface but not a one-dimensional circle. As a result,
relations (II.9) - (II.10) can contain in fact a large di-
mensionless coefficient, determined by the geometry of
the Fermi surface. We should expect then, that in the
interval of not extremely high values of B the geomet-
ric characteristics of the carriers of open trajectories will
ωΒ
General  trend
1 τ
FIG. 12: The schematic sketch of the behavior of the functions
q(B) and p(B) in the region ωBτ ≫ 1.
play important role in the behavior of σkl(B) and can
give noticeable deviations from the asymptotic regime
(II.9). As a consequence, we should expect also that in
the interval of not extremely strong magnetic fields the
interplay between the limiting values of σkl(B) and the
corrections depending on B will play an essential role in
conductivity behavior.
In general, the picture described above demonstrates
the main features of the behavior of σkl(B) inside the
mathematical Stability Zones Ωα .
In the Zone Λα we have to introduce the function
λ(B/B) , 1 ≤ λ < ∞, characterizing the mean size of
long closed trajectories for generic directions of B. In
common, the function λ(B/B) can be defined as the ra-
tio of the length of such trajectories in the p - space
to the size of the Brillouen zone. Let us note that the
definition of the function λ(B/B) has actually rather ap-
proximate character. It is natural then to introduce the
“intermediate” stable values of conductivity σ¯klint(B/B) ,
(k, l = 2, 3), which are proportional to the measure of
the long closed trajectories on the Fermi surface. For the
behavior of conductivity for not extremely strong mag-
netic fields 1 ≪ ωBτ < λ(B/B) and generic directions
of B in Λα we can then use the following relations
σkl(B) =

 a
2(B) b(B) c(B)
− b(B) σ¯22int + q
2(B) σ¯23int + r(B)
− c(B) σ¯23int − r(B) σ¯
33
int + p
2(B)


(II.11)
(1 ≪ ωBτ < λ), with the same remarks about the func-
tions a(B), b(B), c(B), q(B), r(B), p(B).
To describe the asymptotic behavior of conductiv-
ity in the region of extremely strong magnetic fields
ωBτ ≫ λ(B/B) for the same directions of B it is con-
venient to consider separately the symmetric skl(B) and
the anti-symmetric part akl(B) of the tensor σkl(B) . As
will be shown below, the corresponding parts of σkl(B)
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can be approximated here by the following expressions
skl(B) ≃

 0 0 00 0 0
0 0 σ′33

 +
+
ne2τ
m∗

 (ωBτ)
−2 λ(ωBτ)
−2 λ(ωBτ)
−2
λ(ωBτ)
−2 λ2(ωBτ)
−2 λ2(ωBτ)
−2
λ(ωBτ)
−2 λ2(ωBτ)
−2 λ2(ωBτ)
−2

 ,
(II.12)
where
σ′33 < σ¯33int , (II.13)
and
akl(B) ≃
ne2τ
m∗

 0 (ωBτ)
−1 (ωBτ)
−1
(ωBτ)
−1 0 (ωBτ)
−1
(ωBτ)
−1 (ωBτ)
−1 0

 ,
(II.14)
respectively.
Let us note, that the interplay between the symmetric
and the anti-symmetric parts of σkl(B) has here rather
nontrivial character. Thus, we can see that the values
σ23(B) and σ32(B) are defined mostly by the symmetric
part in the interval
λ(B/B) ≤ ωBτ ≤ λ
2(B/B) ,
and by the anti-symmetric part for ωBτ > λ
2(B/B) .
Another important feature in the behavior of conductiv-
ity is given here by the relation (II.13), which indicates
the suppression of the conductivity along the direction of
B in the region ωBτ ≫ λ(B/B) ≫ 1 .
The values of λ(B/B) are equal to 1 on the exte-
rior boundary of the region Λα. At the same time,
we should put λ(B/B) = ∞ on the curves γˆα
a
in Λα
and on the boundary between the regions Ωα and Λα.
It’s not difficult to see that the functions σ¯klint(B/B)
lose their sense and are not well defined on the exte-
rior boundary of Λα. At the same time, we can write
σ¯klint(B/B) = σ¯
kl
∞+(B/B), where σ¯
kl
∞+(B/B) are the
boundary values of σ¯kl∞(B/B) inside Ωα, on the bound-
ary between Ωα and Λα.
According to the above remarks, we can see actually,
that the exact boundary between the regions Ωα and
Λα is not usually observable in experiments.
We can see that the picture described above makes
the analytic structure of tensor σkl(B) in the Zone Ωˆα
rather complicated. The most complicated situation can
arise in that part of the Zone Λα where we have the
relation ωBτ ≃ λ(B/B) for typical values of B in
the experiment. In the last case the behavior of σkl(B)
can demonstrate the most complicated trends, which are
intermediate between (II.11) and (II.12) - (II.14). In ex-
perimental study of the behavior of conductivity it can
be convenient to approximate the corresponding regimes
Ωα
^ Ωα
^
Ωα Ωα
Λα
Λα
b)a)
FIG. 13: The Zone of the most complicated behavior of con-
ductivity tensor (black) in the “experimentally observable
Stability Zone” Ωˆα.
with the aid of intermediate powers of ωBτ and write
σkl(B) ≃
ne2τ
m∗

 (ωBτ)
−2 (ωBτ)
−1 (ωBτ)
−1
(ωBτ)
−1 (ωBτ)
−2µ (ωBτ)
−ν
(ωBτ)
−1 (ωBτ)
−ν ∗


(0 ≤ µ, ν ≤ 1 , µ ≃ ν) in the intervals of rather high
values of B .
As an example, putting approximately µ = ν , we can
write the relation for the resistivity behavior in strong
magnetic fields:
ρkl(B) ≃
m∗
ne2τ

 (ωBτ)
2−2µ ωBτ (ωBτ)
1−µ
ωBτ ∗ ∗
(ωBτ)
1−µ ∗ ∗


In particular, we get the following approximation for
the resistivity in the plane orthogonal to B :
ρ⊥ ∼ B
2−2µ cos2ϕ + const , ωBτ ≫ 1 ,
where ϕ is the angle with the x-axis in our coordinate
system.
We should say, however, that the powers µ and ν
play here just the role of local approximating parameters
and are unstable both with respect to rotations of B
and big changes of its absolute value. Let us note also
that the corresponding part of Λα has in general rather
complicated structure view the complicated behavior of
the function λ(B/B) (Fig. 13) .
We can see then that the experimental study of
galvano-magnetic phenomena in the presence of open
trajectories can reveal rather non-trivial behavior of
magneto-conductivity, which is caused both by the com-
plicated dependence of conductivity on the value of B
and possible small variations of directions of B in experi-
ment. The general analytical picture described above can
be used for description of the dependence of the magneto-
conductivity both on the value of B and the direction of
B inside the “experimentally observable” Stability Zone
Ωˆα. Let us say again that the picture described above is
based just on geometric consideration of the trajectories
of system (I.1) and does not include many other essential
effects which can be important in real metals.
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At the end of this section, we would like to note that
the picture described above is based on the assumption
that the Fermi surface of a metal has a complicated form.
This assumption means, in particular, that the carriers of
the stable open trajectories have the form defined by gen-
eral topological theorems for generic dispersion law. This
form will be described in the next section and has some
special features for generic Fermi surfaces SF . However,
for special simple Fermi surfaces the carriers of open tra-
jectories can have much simpler form, which will result
also in simpler behavior of conductivity in comparison
with the described above.
As an example of the simple Fermi surface, we can con-
sider just a pair of slightly deformed integral planes in the
p - space (like for some classes of organic metals). It is
easy to see that the exact mathematical Stability Zone
Ω can be identified here with the whole sphere S2 and
coincides with the “experimentally observable” Stability
Zone Ωˆ. As a result, we can not observe here the effects,
connected with the reconstruction of the open trajecto-
ries, typical for the Zones Λα . The “rational peaks” in
the conductivity can be observable here for the surfaces
having essential deformations (see e.g. [30]), however,
they decrease exponentially with the growth of the num-
bers (m1,m2,m3). As a result, we can expect here the
experimental evidence of just a finite number of the lines
γa instead of the complicated angle dependence of con-
ductivity, observable in the Zones Ωα . It is easy to see
also, that for the case of vanishing amplitude of deforma-
tion of the planes the conductivity tensor demonstrates
just a very fast approach to its limiting form given by
formula (I.8).
In the next sections we will make more detailed con-
sideration of the effects described above using the kinetic
approach to the transport phenomena. In general, all the
statements above can be obtained within the τ - approx-
imation for the kinetic equation for the electron gas.
III. THE GEOMETRY OF THE STABLE OPEN
TRAJECTORIES AND THE CONDUCTIVITY
TENSOR.
Let us start with the description of generic picture aris-
ing on the Fermi surface in the case of presence of the
stable open trajectories at ǫ = ǫF ([10]). Everywhere
below we will assume that the Fermi surface represents
a smooth non-selfintersecting 3-periodic surface in p -
space.
Consider the general picture of intersection of a 3-
periodic surface in p - space by the planes orthogonal
to B (Fig. 3). First, let us look at the closed trajecto-
ries in p - space if they present on the Fermi surface.
The non-singular closed trajectories in p - space are al-
ways locally stable and can be combined into connected
cylinders consisting of trajectories of this type. In the
case when a connected component of the Fermi surface
singular closed
trajectories
nonsingular closed
trajectories
B
FIG. 14: A part of the Fermi surface representing a cylinder
of closed trajectories bounded by singular trajectories.
2D−discs orthogonal to BB
FIG. 15: The reconstruction of the Fermi surface given by
elimination of nonsingular closed trajectories and filling the
holes by the discs orthogonal to B.
does not consist of the closed trajectories only, these
cylinders have finite heights and are bounded by singular
closed trajectories (Fig. 14).
Let us make now the following reconstruction of the
Fermi surface:
We remove all the cylinders of closed trajectories
from the Fermi surface and fill the created holes by 2-
dimensional discs orthogonal to B (Fig. 15).
It is easy to see that the reconstructed Fermi surface
carries the same open electron trajectories as the initial
one, so we can investigate the behavior of open trajecto-
ries on the reconstructed surface.
The reconstructed Fermi surface represents a 3-
periodic surface which contains in general infinitely many
connected components in p - space. One important the-
orem can be formulated about the connected components
of the reconstructed Fermi surface in the case of presence
of stable open trajectories ([8, 10, 36]):
Every connected component of the reconstructed
Fermi surface carrying open electron trajectories repre-
sents a periodic deformation of an integral plane in p -
space.
Let us remind here that the plane Γ is called integral if
it is generated by any two reciprocal lattice vectors. So,
every connected component of the reconstructed Fermi
surface has two independent periods represented by two
vectors of the reciprocal lattice. Let us note also that the
picture described above is evidently stable with respect
to all small rotations of B view the local stability of
nonsingular closed trajectories on the Fermi surface.
All the connected components of the reconstructed
Fermi surface are parallel to each other which leads to
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b)a)
FIG. 16: Schematic topological description of the dense (non-
periodic) trajectory on T2 \∪D2i and closed (periodic in p -
space) trajectory on the same manifold after the factorization
over the reciprocal lattice vectors.
the coinciding of the mean directions of all stable open
trajectories in p - space. The last property was called
in [25, 26] the Topological Resonance and plays very
important role in the experimental observation of the
anisotropic regimes of conductivity behavior and of the
Topological Numbers corresponding to a given Stability
Zone.
In this paper we will use the picture described above as
the general picture arising in the case of presence of sta-
ble non-closed electron trajectories on the Fermi surface.
Let us note here that this picture can have some addi-
tional features for some special directions of B within
the Stability Zone (see [10]) which can be also detected
from the experimental point of view ([25, 26]). These
phenomena, however, have a non-generic character and
will not be considered here.
After the factorization over the vectors of the recip-
rocal lattice every connected component of the recon-
structed Fermi surface becomes a two-dimensional torus
T2 embedded in T3. The number of non-equivalent com-
ponents in T3 is always finite and represents an even
number.
The open (in p - space) trajectories of system (I.1)
on the Fermi level are given by the intersections of the
components of the reconstructed Fermi surface with the
planes orthogonal to B and represent irrational cover-
ings of the corresponding tori T2 (except the discs D2)
in generic situation (Fig. 16 a). However, for special di-
rections of B the intersection of the plane orthogonal to
B with the integral plane Γα (B ∈ Ωα) can have ra-
tional (integral) direction, which means in fact that the
corresponding trajectories of (I.1) become periodic in p -
space. The corresponding trajectories in T3 become now
closed curves on the tori T2 and are not dense anymore
on the sets T2 \∪D2i , which can be called the “carriers
of open trajectories” on the Fermi surface (Fig. 16 b).
As we can see, the generic and the periodic open tra-
jectories demonstrate an obvious difference in their sta-
tistical properties on the “carriers of open trajectories”.
As will see below, this circumstance will play important
role for the behavior of the conductivity tensor σkl(B)
in the limit ωBτ → ∞ .
We can see here that the periodic trajectories can not
appear for completely irrational directions of B since the
plane orthogonal to B should contain at least one vector
of the reciprocal lattice, giving the mean direction of such
trajectories. Let us note that the class of rationality of a
B
Open trajectories
2D Discs
Singular closed
 trajectories
q
q
2
  
1
Carrier of open 
 trajectories
FIG. 17: The connected component of the reconstructed
Fermi surface representing a periodically deformed integral
plane in p - space with periods q1, q2 ∈ L
∗.
direction of magnetic field B is defined as the number of
linearly independent reciprocal lattice vectors lying in the
plane orthogonal to B. In particular, the direction Bˆ0α,
orthogonal to the plane Γα, represents a purely rational
direction according to this definition.
In general, it is not difficult to see that the directions
of B in a Stability Zone Ωα, corresponding to periodic
open trajectories, form a dense net of one-dimensional
curves, which do not intersect each other in Ωα in the
case when the direction Bˆ0α ⊥ Γα does not belong to Ωα
(Fig. 9 a) or all intersect at the point Bˆ0α if Bˆ
0
α ∈ Ωα
(Fig. 9 b).
As we already said above, all the one-dimensional
curves γα
a
should be actually extended outside the Sta-
bility Zone Ωα since the periodic open trajectories exist
in fact for a wider set of directions of B surrounding Ωα.
The periodic open trajectories become unstable with re-
spect to small rotations of B outside Ωα. We have to
note also that the difference between the curves γα
a
and
γˆα
a
decreases with increasing of the “denominator” of a
rational mean direction of the periodic trajectories and
vanishes in the limit |a| → ∞ (Fig. 10).
Let us consider now the carriers of open trajectories in
more detail.
The general form of connected components of the re-
constructed Fermi surface is shown at Fig. 17 and repre-
sents a periodically deformed integral plane in p - space
with two periods q1, q2, given by two independent re-
ciprocal lattice vectors.
The carriers of open trajectories in p - space represent
the same periodically deformed integral planes without
“artificial” two-dimensional discs D2, attached after the
removal of closed trajectories. Let us exclude here the
non-generic case when the magnetic field B is orthogonal
to the plane Γα and consider the generic case
B ∦ [q1 × q2] (III.1)
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We will assume in our considerations that the z - axis
is always chosen along the direction of B while the x -
and y - axis are orthogonal to B. In the generic situation
described above the values of pz separate all different
trajectories at a given component and pz can be chosen
as a “coordinate” on the corresponding carrier of open
trajectories.
The second coordinate on the carriers of open trajec-
tories is naturally given by the parameter t, measured
along the trajectories according to system (I.1).
In general, a natural system of local coordinates in
p - space (or T3) is given by the triple (pz, t, ǫ) if we
consider system (I.1) for all values of ǫ . The coordinates
(pz, t, ǫ) are naturally connected with system (I.1) and
possess also one more remarkable property:
dpz dt dǫ ≡
c
eB
dpx dpy dpz (III.2)
The last property is caused in fact by the Hamiltonian
properties of system (I.1), which can be considered as a
Hamiltonian system with the Hamiltonian ǫ(p) and the
Poisson bracket
{p1 , p2} =
e
c
B , {p2 , p3} = 0 , {p3 , p1} = 0
(B ‖ ∇z).
It can be seen also that the integration over the layer
restricted by the energy values ǫ0 and ǫ0 + dǫ can be
represented by the integration over the energy surface
ǫ(p) = ǫ0 according to the formula
∫∫∫
ǫ0<ǫ(p)<ǫ0+dǫ
f (px, py, pz) dpx dpy dpz =
=
eB dǫ
c
∫∫
ǫ(p)=ǫ0
f (pz, t, ǫ0) dpz dt (III.3)
Formula (III.3) gives in fact very convenient way of sta-
tistical averaging of any value over the Fermi distribution
in presence of magnetic field.
It’s not difficult to see that every connected compo-
nent of the reconstructed Fermi surface can be divided
into a periodic set of the fundamental (minimal) domains
identical to each other (Fig. 18).
It can be seen also that the fundamental domains can
be chosen in the form of “curvilinear” parallelograms
with the sides, corresponding to the vectors q1 and q2.
The division of the connected components of the recon-
structed Fermi surface gives also a natural division of
the corresponding carriers of open trajectories into fun-
damental domains.
All the fundamental domains are physically equivalent
to each other, so every domain represents in fact the full
set of the physical states represented by the whole com-
ponent. The two-dimensional tori T2 ⊂ T3 , which we
discussed above, can be considered also as any of the
fundamental domains with the identified opposite sides.
As we said already, every nonsingular open trajectory be-
comes then a smooth curve on the torus T2 which can
q1
q2
D2
D2
D2
D2
D2
D2
D2
D2
FIG. 18: The periodic set of the fundamental domains on a
connected component of the reconstructed Fermi surface.
be open or closed (periodic in p - space) depending on
the direction of B (Fig. 16).
The difference between the closed and the non-closed
trajectories on the tori T2 causes an evident difference in
the averaging of any of the physical quantities over time
on the trajectories of this kind. Thus, we can claim that
any time average over generic (non-closed on T2) trajec-
tory coincides with the averaging of the corresponding
quantity over the carrier of open trajectories, which de-
pends smoothly on the direction of B inside the “Sta-
bility Zone”. On the other hand, the time average over a
periodic (closed on T2) trajectory is in general different
from the mean value of the same quantity on the carrier
of open trajectories. As can be seen, the last feature can
lead to irregular dependence of the conductivity tensor
on the direction of B inside Ωα.
Let us consider now the standard kinetic approach (see
e.g. [1, 23, 35]) to the magneto-transport phenomena,
using the geometric picture described above.
The full dynamical system for the adiabatic evolution
of the electron states both in presence of magnetic and
electric fields can be written as
p˙ =
e
c
[∇ǫ(p) × B] + eE (III.4)
In system (III.4) the electric field E will be considered
as a small value while the value of magnetic field is sup-
posed to satisfy the strong magnetic field limit condition
ωB τ ≫ 1 .
In the kinetic approach we have to introduce the
single-particle distribution function f(p, t) satisfying
the Boltzmann equation
ft +
e
c
3∑
l=1
[∇ǫ(p)×B]l
∂f
∂pl
+ e
3∑
l=1
El
∂f
∂pl
=
= I[f ](p, t) , (III.5)
where I[f ] represents the collision integral. Here we will
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be interested in the stationary solutions of the equation
(III.5), so we put now f(p, t) = f(p).
In the absence of electric field the distribution function
f(p) is given by its equilibrium values
f0(p) =
1
exp [(ǫ(p)− ǫF )/T ] + 1
and we have identically I[f ](p) ≡ 0. The conductivity
tensor σkl(B) is defined by the linear in E correction to
the function f0(p), satisfying the equation
e
c
3∑
l=1
[∇ǫ(p)×B]
l ∂f(1)
∂pl
+ e
3∑
l=1
El
∂f0
∂pl
=
=
[
Lˆ[f0] · f(1)
]
(p) , (III.6)
where Lˆ[f0] is the linearization of the functional I[f ](p)
on the corresponding function f0. The value Lˆ[f0] · f(1)
can be considered as a term, connected with the relax-
ation of non-equilibrium perturbations to the equilib-
rium state. In the so-called τ - approximation the right-
hand part of system (III.6) can be replaced by the value
−f1(p)/τ , where τ plays the role of the characteristic
relaxation time. It will be convenient here to use the τ -
approximation for the equation (III.6), which is enough
to catch all the main features of our consideration. The
characteristic relaxation time τ is usually identified with
the mean free electron motion time.
Let us introduce now the variable s = teB/c , where
t is the parameter along the trajectories of system (I.1),
introduced above, and consider the coordinate system
(pz, s, ǫ) in the p - space. The parameter s has a purely
geometrical meaning in p - space and does not depend
on the value of B. According to (III.2) - (III.3), we can
naturally write
dpz ds dǫ ≡ dpx dpy dpz ,
∫∫∫
ǫ0<ǫ(p)<ǫ0+dǫ
f (px, py, pz) dpx dpy dpz =
= dǫ
∫∫
ǫ(p)=ǫ0
f (pz, s, ǫ0) dpz ds
It’s not difficult to see also, that under our assumptions
above the equation on the function f(1)(pz, s, ǫ) can be
represented as
eB
c
∂f(1)
∂s
+ e (E · vgr)
∂f0
∂ǫ
= − f(1)/τ
in the coordinate system (pz , s, ǫ).
After the substitution
f(1)(pz, s, ǫ) = −
∂f0(ǫ)
∂ǫ
3∑
l=1
El gl(pz, s, ǫ) (III.7)
we get the linear systems
eB
c
∂gl
∂s
− e vlgr(pz , s, ǫ) = −
1
τ
gl (III.8)
for the functions gl(pz, s, ǫ).
The solutions of systems (III.8) which we need can be
written in the form
gl(pz, s, ǫ) =
c
B
∫ s
−∞
vlgr (pz, s
′, ǫ) e
c(s′−s)
eBτ ds′ ,
(III.9)
where the integration is taken along the whole part of a
trajectory preceding the point (pz, s, ǫ).
The mean value of the density of the electric current
is given by the formula
jk = e
∫
vkgr (pz, s, ǫ) f(1) (pz, s, ǫ)
dpz ds dǫ
(2π~)3
(in the linear approximation in E).
The form (III.7) of the correction f(1) gives in fact very
strong concentration of f(1)(pz , s, ǫ) near the Fermi sur-
face for most of the normal metals, so the term − ∂f0/∂ǫ
can be actually replaced by the delta-function δ(ǫ− ǫF )
in the integration over ǫ. Finally, we come to the follow-
ing simple expression for the value of the electric current
density:
jk =
ec
B
∫∫
SF
dpz ds
(2π~)3
vkgr(pz, s) ×
×
3∑
l=1
∫ s
−∞
vlgr(pz, s
′) e
c(s′−s)
eBτ ds′ El
The general form of the conductivity tensor σkl can
be represented as
σkl(B) =
ec
B
∫∫
SF
dpz ds
(2π~)3
vkgr(pz , s) ×
×
∫ s
−∞
vlgr(pz, s
′) e
c(s′−s)
eBτ ds′ (III.10)
At the same time, the contribution of the open trajec-
tories ∆σkl is given by the restriction of the integral in
(III.10) to the set of the carriers of open trajectories SˆF
instead of the whole Fermi surface, so we can write:
∆σkl(B) =
ec
B
∫∫
SˆF
dpz ds
(2π~)3
vkgr(pz , s) ×
×
∫ s
−∞
vlgr(pz, s
′) e
c(s′−s)
eBτ ds′ (III.11)
Let us say, that the irregular behavior of σkl(B) in
Ωα is completely determined by the functions ∆σ
kl(B) ,
so we will be interested here mostly in the behavior of
∆σkl(B) in the limit B → ∞ .
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It’s not difficult to see that for all types of trajectories
in our case we can write in the limit B → ∞ for the
conductivity tensor
σkl∞ = e
2τ
∫∫
SF
vkgr(pz, s) 〈v
l
gr〉tr (pz, s)
dpzds
(2π~)3
,
where 〈vlgr〉tr (pz , s) is the mean value of the group ve-
locity component on the trajectory passing through the
point (pz, s) :
〈vlgr〉tr (pz, s) = lim
s0→∞
1
s0
∫ s
s−s0
vlgr (pz, s
′) ds′
To get the contribution of the open trajectories we have
now to restrict the integration to the set of the carriers
of open trajectories SˆF on the Fermi surface, so we can
write for the contribution of the stable open trajectories
to the conductivity in the limit B → ∞ :
∆σkl∞ = e
2 τ
∫∫
SˆF
vkgr(pz , s) 〈v
l
gr〉tr (pz, s)
dpzds
(2π~)3
Let us note here that according to our choice of coor-
dinate system (x, y, z) we will always have 〈vxgr〉tr = 0
and 〈vygr〉tr 6= 0 , 〈v
z
gr〉tr 6= 0 for the stable open tra-
jectories.
We can see also, that according to the definition above,
the values 〈vkgr〉tr (pz, s) do not depend in fact on the
variable s for the trajectories of our type. As a corollary,
the first multiplier can be also replaced by its mean value
on every trajectory of system (I.1). Finally, we can write
for the contribution of the stable open trajectories to the
magneto-conductivity for B → ∞ :
∆σkl∞ = e
2 τ
∫∫
SˆF
〈vkgr〉tr (pz) 〈v
l
gr〉tr (pz)
dpzds
(2π~)3
(III.12)
Let us note that the tensor σkl∞ is purely symmetric ac-
cording to (III.12), which is not the case for finite values
of B.
Let us give now qualitative derivation of the regimes
of the conductivity behavior described in the previous
section.
As it is not difficult to see, in the case of generic di-
rection of B (non-periodic open trajectories) the mean
values 〈vkgr〉tr (pz) can be identified with the mean values
of the same quantities on the corresponding (connected)
carrier of open trajectories SˆγF :
〈vkgr〉Sˆγ
F
=
∫∫
Sˆγ
F
vkgr(pz , s) dpz ds
/∫∫
Sˆγ
F
dpz ds
and are constant on each carrier of the stable open tra-
jectories.
In general, the mean values 〈vkgr〉Sˆγ
F
can be also ex-
pressed through the values 〈vkgr〉tr (pz) by the formula
〈vkgr〉SˆγF
=
∫∫
SˆγF
〈vkgr〉tr (pz) dpz ds
/∫∫
SˆγF
dpz ds
(III.13)
Let us introduce now the functions
∆ σ¯kl∞(B/B) = e
2 τ
∑
γ
∫∫
SˆγF
〈vkgr〉SˆγF
〈vlgr〉SˆγF
dpz ds
(2π~)3
where the summation is taken over all the connected car-
riers SˆγF of the stable open trajectories.
The functions ∆σ¯kl∞(B/B) are smooth functions of the
direction of B inside any Stability Zone Ωα. According
to (III.12), the functions ∆σ¯kl∞(B/B) coincide with the
limiting values ∆σkl∞(B/B) for generic directions of B ,
corresponding to non-periodic form of the open trajecto-
ries.
At the same time, for special directions of B , corre-
sponding to the periodic form of the stable open trajecto-
ries, the values (III.12) do not coincide with ∆σ¯kl∞(B/B)
due to the dependence of the values 〈vkgr〉tr (pz) on pz.
Just from the Schwartz inequality we can write in this
case
∆σ22∞ (B/B) − ∆ σ¯
22
∞ (B/B) > 0 ,
∆σ33∞ (B/B) − ∆ σ¯
33
∞ (B/B) > 0
as it was written above. The values
∆σkl∞ (B/B) − ∆ σ¯
kl
∞ (B/B) , k 6= l ,
can have in general arbitrary signs. We have also
∆σkl∞ (B/B) = ∆σ¯
kl
∞ (B/B) = 0 , if k or l is equal
to 1, in our coordinate system.
Let us point out an important role of the geometry
of the carriers of open trajectories on the complicated
Fermi surfaces for the effect which we discuss here. As
it is not difficult to see, the difference ∆σkl∞ (B/B) −
∆σ¯kl∞ (B/B) is defined actually by the “inconstancy” of
the functions 〈vkgr〉tr (pz) on the carriers of the stable
open trajectories. As can be seen at Fig. 19, the pres-
ence of the singular trajectories on the carriers of open
trajectories makes the behavior of 〈vkgr〉tr (pz) rather ir-
regular in the case of periodicity of the open trajecto-
ries on the Fermi surface. Thus, the periodic trajectories
adjacent to the singular trajectory from different sides
have rather different geometry in p - space. As a re-
sult, we can expect that the mean variations of the val-
ues 〈vkgr〉tr (pz) on the carrier of open trajectories can
be comparable with the mean values of the same quanti-
ties and the same can be stated also about the difference
∆σkl∞ (B/B) − ∆σ¯
kl
∞ (B/B) , (k, l = 2, 3) . It should be
also noted here, however, that this effect decreases with
increasing of “denominators” of the rational mean direc-
tion of the open trajectories due to the increasing of the
density of the periodic open trajectory on a carrier of
open trajectories. As we also said already, we have the
identities 〈vxgr〉tr ≡ 0 in our coordinate system.
To evaluate the dependence of ∆σkl∞ (B/B) −
∆σ¯kl∞ (B/B) on the numbers (k1, k2) it is convenient to
choose the fundamental domain on the carrier of open
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FIG. 19: Open periodic trajectories with rather different ge-
ometry near the singular trajectory on the Fermi surface.
D2
D2
q1
q2
FIG. 20: The fundamental domain on the carrier of open
trajectories having the form of curvilinear parallelogram with
two opposite sides, represented by two equivalent parts of
open electron trajectories.
trajectories in the form of curvilinear parallelogram with
two opposite sides, represented by two equivalent parts
of periodic open trajectories (Fig. 20).
The values pz and s give a good parametrization of
the fundamental domain under the requirement (III.1).
We can assume without loss of generality that B is not
orthogonal to the vector q2 which will also mean that the
mean direction of the open trajectories does not coincide
with the direction of q2. Let us put also that the values
of pz belong to the interval [0, p
0
z] for our fundamental
domain, where p0z = |(B,q2)|/B .
The parameter s is not continuous in our fundamental
domain and has singularities on the levels of pz , contain-
ing singular points within the domain. As we will see, this
circumstance will not actually be important in our con-
siderations. Let us put that the values of s are restricted
by the values s1(pz) and s2(pz) at a given value of pz
for our fundamental domain. The functions s1(pz) and
s2(pz) also have singularities at the same pz , defined by
the singular behavior of s2(pz) − s1(pz) :
s2(pz) − s1(pz) ∼ | ln (|∆pz|/p
0
z) |
near the singular levels.
It’s not difficult to see also that the singularities of
s2(pz)− s1(pz) have asymmetric character since the cor-
responding trajectories approach the singular point once
or twice depending on the sign of ∆pz. Let us note here
that the last circumstance played important role in the
proof of the fact of mixing in the dynamical systems anal-
ogous to those considered here. This property was proved
in paper [31] where systems of this kind were considered
in connection with a different problem of Hamiltonian
dynamics ([2]).
Every trajectory with the period q = k1q1 + k2q2 is
represented in our domain by |k1| + |k2| separate lines,
giving a closed curve after the identification of the equiv-
alent points in the p - space. The values of the functions
〈vlgr〉tr are the same on every set of |k1| + |k2| compo-
nents representing one periodic trajectory.
The presence of singular points plays also important
role in the global motion of electrons along the non-
singular trajectories since they appear many times at
rather small distances from a periodic trajectory with
a large period q = k1q1 + k2q2. As a result, the
length S of a periodic trajectory in the parameter s
(S ∼ |k1| + |k2|) has essential fluctuations, caused by
the presence of singular points in the fundamental do-
main. Let us note, that according to system (I.1) we can
write in our coordinate system
〈vygr〉tr = L(k1, k2) /S(pz) , (III.14)
where L(k1, k2) is the length of the corresponding topo-
logical cycle in the p - space, depending just on the num-
bers (k1, k2). In general, we have (|k1|+|k2|)·N singular
points pjz ∈ [0, p
0
z] of the function S(pz) , where N is
the number of (non-equivalent) singular points of system
(I.1) on the carrier of open trajectories.
The function S(pz) represents a periodic function with
the period P = p0z/(|k1| + |k2|) and integrable (asym-
metric) singularities
S(pz) ∼ ln
(
p0z/|∆pz|
)
at the values of pz corresponding to singular electron tra-
jectories. In particular, in the interval Ij = [pjz, p
j+1
z ],
restricted by two subsequent “singular” values of pz
(|pj+1z − p
j
z| ≤ P ), we can write the contribution of the
singularities at the points pjz and p
j+1
z to the value of
S(pz) in the form
δ1S(pz) ∼ α
j
+ ln
(
p0z/(pz − p
j
z)
)
+
+ αj+1− ln
(
p0z/(p
j+1
z − pz)
)
, (III.15)
(αj+, α
j+1
− ∼ 1).
Besides that, the singularities at the points
(. . . , pj−2z , p
j−1
z ) and (p
j+2
z , . . . ), close to the in-
terval Ij , play also in fact important role for the
variations of S(pz) inside the interval I
j for big values
of k1 and k2 .
The corresponding contribution to S(pz) can be writ-
ten as a sum of terms analogous to (III.15), which number
is proportional to |k1| + |k2|. We actually will be inter-
ested here in the fluctuations of S(pz) caused by these
singularities, so only the variation of this contribution
with the variable pz is important for us. It’s not difficult
to show also that the difference of this contribution at the
points pjz and p
j+1
z has the order ∼ ln(|k1|+ |k2|). For
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FIG. 21: The general form of the periodic function
〈vygr〉tr (pz) on a carrier of open trajectories for the case of
rational mean direction q = k1q1+k2q2 of the trajectories.
our purposes here (we omit here rigorous estimations)
the corresponding contribution δ2S(pz) to the function
S(pz) can be actually approximated by a linear function
δ2S(pz) ∼ Γ
j (|k1|+ |k2|) ln (|k1|+ |k2|)
pz − p
j
z
p0z
,
(|Γj | ∼ 1), on every interval Ij .
The functions δ1S(pz) and δ2S(pz) represent the
main corrections to the “basic value” S¯ of the function
S(pz), which are responsible for the main terms in the
dependence of ∆σkl∞(B/B) − ∆σ¯
kl
∞(B/B) on the num-
bers (k1, k2) (or (m1,m2,m3)). The basic value S¯ of
the function S(pz) is given by a constant function on the
whole interval [0, p0z] , which in the main order is propor-
tional to the length L(k1, k2) (or L(m1,m2,m3)) of the
topological cycle (m1,m2,m3) in the p - space. Easy to
see that for any sequence of rational directions converg-
ing to some fixed (irrational) direction we can write in
the main order L(k1, k2) ∼ |k1|+ |k2|.
The functions 〈vygr〉tr , 〈v
z
gr〉tr are continuous func-
tions of pz, however, they are not smooth on the curves,
representing singular trajectories. Thus, for the compo-
nent vygr we can write the following relations
〈vygr〉tr ∼
[
ln (p0z/|∆pz|)
]−1
→ 0
near these curves. In general, the values 〈vygr〉tr rep-
resent a periodic function of pz with the period P =
p0z/(|k1| + |k2|) and very narrow cusps at the values of
pz , corresponding to singular electron trajectories (Fig.
21). It is easy to see also that the number of cusps on the
period of the function 〈vygr〉tr is equal to the number N
of non-equivalent singular points of system (I.1) on the
corresponding carrier of open trajectories.
In our situation we can put approximately
S(pz) ≃ S¯ + δ1S(pz) + δ2S(pz) ∼
∼ |k1|+ |k2| + α
j
+ ln
(
p0z/(pz − p
j
z)
)
+
+ αj+1− ln
(
p0z/(p
j+1
z − pz)
)
+
+ Γj (|k1|+ |k2|) ln (|k1|+ |k2|)
pz − p
j
z
p0z
,
and
〈vygr〉tr ≃ L(k1, k2)
/(
S¯ + δ1S(pz) + δ2S(pz)
)
on every interval Ij . Let us say that the approximation
above should be used in our scheme also for the calcula-
tion of the approximate values of 〈vygr〉SˆγF
according to
formula (III.13). Using this approximation to compute
the values
∆σkl∞(B/B) − ∆ σ¯
kl
∞(B/B) =
= e2 τ
∑
γ
∫∫
SˆγF
〈vkgr〉tr 〈v
l
gr〉tr
dpzds
(2π~)3
−
− e2 τ
∑
γ
∫∫
Sˆγ
F
〈vkgr〉SˆγF
〈vlgr〉SˆγF
dpz ds
(2π~)3
(III.16)
for k, l = 2, we finally get the relations
∣∣∆σ22∞(B/B) − ∆ σ¯22∞(B/B)∣∣ ∼ ln
2(|k1|+ |k2|)
(|k1|+ |k2|)2
To give the necessary approximation for the function
〈vzgr〉tr we have to evaluate also the integral
J(pz) =
∮
vzgr(pz, s) ds
over a periodic trajectory.
First, we should note, that we have to prescribe here
also the “basic value”
J(pz) ≃ J¯ ≃ v¯
z
gr (|k1|+ |k2|)
to this integral, which is constant on the interval [0, p0z].
The essential corrections to the value J¯ on the intervals
Ij are caused again by the presence of singular points
and can be represented by two main contributions:
1) The contribution of the endpoints of Ij , which can
be approximately written as
δ1J(pz) ≃ v
z
j α
j
+ ln
(
p0z/(pz − p
j
z)
)
+
+ vzj+1 α
j+1
− ln
(
p0z/(p
j+1
z − pz)
)
,
where vzj and v
z
j+1 are the values of v
z
gr at the singular
points, adjacent to the corresponding singular trajecto-
ries;
2) The contribution of other singular points close to
the interval Ij , which can again be approximated by the
linear function
δ2J(pz) ≃ v
z
∗ Γ
j (|k1|+ |k2|) ln (|k1|+ |k2|)
pz − p
j
z
p0z
,
where vz∗ represents some weighted average of the val-
ues vzj over all the singular points in the fundamental
domain.
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We can use now the following approximation for the
function 〈vzgr〉tr(pz) :
〈vzgr〉tr(pz) ≃
≃
(
J¯ + δ1J(pz) + δ2J(pz)
) /(
S¯ + δ1S(pz) + δ2S(pz)
)
(III.17)
We can see here that the function 〈vzgr〉tr(pz) does not
have cusps at the values pjz and the values 〈v
z
gr〉tr(p
j
z)
are equal to vzj . However, the structure of the func-
tion 〈vzgr〉tr(pz) still has many common features with
the structure of the function 〈vygr〉tr(p
j
z). In particular,
using the approximation (III.17) in the formula (III.16),
we obtain actually the same relations
∣∣∆σkl∞(B/B) − ∆ σ¯kl∞(B/B)∣∣ ∼ ln
2(|k1|+ |k2|)
(|k1|+ |k2|)2
(III.18)
for k, l = 2, 3, which implies also relations (II.2) for a
given Stability Zone Ωα.
The arguments used above can be applied also to the
estimation of the functions q(B), r(B), p(B) in relations
(II.7). Let us say at once, that we will not present here
rigorous calculations, however, the approximate consid-
erations below capture all the essential features which are
necessary for our purposes. Thus, for the estimation of
the functions (III.9) we can use the approximation when
the integration in (III.9) is taken just over a part of a
trajectory having length ∼ eBτ/c in the parameter s.
In the same way, we can use for the averaged values
〈vkgr〉B (pz, s) ≡
c
eBτ
∫ s
−∞
vkgr (pz, s
′) e
c(s′−s)
eBτ ds′
(III.19)
the approximation
〈vkgr〉B (pz, s) ≃
c
eBτ
∫ s
s−eBτ/c
vkgr (pz, s
′) ds′
Let us take again the fundamental domain in the
form shown at Fig. 20. The open trajectories have
now irrational mean direction and are not periodic in
the p - space anymore. The corresponding parts of
open trajectories are represented by nets of approxi-
mately eBτ/m∗c = ωBτ curves in the fundamental do-
main with approximate distances ∼ p0z/ωBτ between the
curves.
The functions 〈vkgr〉B (pz , s) are almost constant along
the curves pz = const in the fundamental domain and
change for the most part along the coordinate pz. For
generic mean direction of open trajectories the functions
〈v2,3gr 〉B (pz, s) do not have periods smaller than p
0
z in
the fundamental domain, however, in other essential fea-
tures the behavior of 〈v2,3gr 〉B (pz , s) in our approxima-
tion is similar to the above behavior of the functions
〈v2,3gr 〉tr (pz) , considered for a rational mean direction of
open trajectories with |k1|+ |k2| ≃ ωBτ . In particular,
we can also introduce here the values pjz in the funda-
mental domain, defined by the requirement of presence
of a singular point on the preceding part of the corre-
sponding trajectory at a distance not exceeding the value
∼ ωBτ pF in the p - space. The number of the values
pjz in the fundamental domain has the order ∼ ωBτ for
B →∞ and we can consider again the division of the in-
terval [0, p0z] to the segments I
j analogous to those con-
sidered above. The similar analysis shows also that the
behavior of the functions 〈v2,3gr 〉B (pz, s) demonstrates on
the intervals Ij the features analogous to those observed
in the behavior of 〈v2,3gr 〉tr (pz) for a rational mean direc-
tion of the open trajectories with the numbers k1, k2
having the order ωBτ .
Let us introduce now the symmetric and the anti-
symmetric parts of the conductivity tensor
σkl = skl + akl
According to the Onsager relations we have the iden-
tities
skl(−B) = skl(B) akl(−B) = − akl(B)
After some elementary calculations we can get from
the formula (III.11):
∆ skl(B) = e2 τ
∑
γ
∫∫
SˆγF
〈vkgr〉B 〈v
l
gr〉B
dpz ds
(2π~)3
,
(III.20)
∆ akl(B) =
=
e2 τ
2
∑
γ
∫∫
SˆγF
(
vkgr 〈v
l
gr〉B − 〈v
k
gr〉B v
l
gr
) dpz ds
(2π~)3
(III.21)
It is not difficult to see that for any irrational mean
direction of the open trajectories the values 〈vkgr〉B ,
〈vlgr〉B coincide with the values 〈v
k
gr〉SˆγF
, 〈vlgr〉SˆγF
in the
limit B →∞. At the same time, for large but finite val-
ues of B the behavior of the functions 〈v2,3gr 〉B(pz , s) is
analogous to the behavior of 〈v2,3gr 〉tr for a rational mean
direction of the open trajectories with k1, k2 ≃ ωBτ .
As a result, in full analogy with formula (III.16), we can
write the relations
∆ skl(B) − ∆ skl∞ ≃
ln2(ωBτ)
(ωBτ)2
, k, l = 2, 3
(III.22)
for generic directions of the open trajectories.
It is easy to see that the estimation (III.22) gives now
the relations (II.9) for the functions q(B) and p(B) . At
the same time, the relations (II.10) for the function r(B)
are defined by the behavior of the anti-symmetric part of
the tensor σkl(B) . Using the same approximations for
the functions 〈v2,3gr 〉B(pz, s) , we get now the estimation
∣∣∆ a23(B)∣∣ ≤ ln ωBτ
ωBτ
, (III.23)
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Using also the identity akl∞ ≡ 0 we then get relations
(II.10) for the function r(B) .
Let us say that a unified description of the function
∆ a23(B) can not be actually obtained in general situa-
tion, since its the behavior admits really essential varia-
tions depending on a concrete form of the Fermi surface.
As we said already, the relations (III.22) can be con-
sidered just as a “general trend” in the behavior of con-
ductivity in strong magnetic fields. Let us give here a
more detailed explanation of our statement.
As we can see, the analogy between the relations
(III.18) and (III.22) requires in fact the assumption of the
“uniform covering” of the carrier of open trajectories by
parts of the trajectories having length ≃ ωBτ pF . This
assumption is fulfilled “in average”, however, it can be
violated for concrete values of ωBτ for special directions
of the open trajectories. It is not difficult to see, that
this violation definitely takes place when the direction of
the open trajectories can be approximated by a rational
direction with a very high precision (≪ |k1|+ |k2| ). As
we can see, the corresponding open trajectories will then
be very close to the periodic trajectories on the lengths
ωBτ pF ≫ (|k1|+ |k2|) pF ,
so the parameter |k1| + |k2| should be actually used
instead of ωBτ in (III.22) up to the values ωBτ ≫
|k1| + |k2| . As a result, the general trend (III.22) can
have essential corrections.
For better description of the behavior of σkl(B) for
generic mean directions of the stable open trajectories
let us just say some words about the problem of approx-
imation of irrational numbers by rational ones. In our
case we have to investigate the possibility of rational ap-
proximations of the number κ in relation (II.6), which
correspond to rational approximations of the mean direc-
tion of the open trajectories in the plane Γα.
According to classical (Dirichlet) theorem we can state
that for any number N ∈ N there exist two integer num-
bers k1, k2:
1 ≤ k1 ≤ N , k1, k2 ∈ Z ,
such that ∣∣∣∣ κ − k2k1
∣∣∣∣ < 1k1N (III.24)
Let us note here that we can put without loss of gen-
erality |κ| < 1, so we will assume also |k2| ≤ |k1| for
precise approximations of κ.
For the value N ≃ ωBτ we can rewrite the relation
(III.24) in the form
ωBτ pF
∣∣∣∣κ − k2k1
∣∣∣∣ < pFk1 , (III.25)
which means that the deviation of the open trajectory
from the corresponding periodic trajectory does not ex-
ceed the value ≃ pF /k1 on the length L ≃ ωBτ pF .
The relation (III.25) can be considered as the first step in
the approximation of irrational directions of open trajec-
tories by rational ones since the mean distance between
the curves representing a periodic trajectory in the fun-
damental domain is of order of
pF /(|k1|+ |k2|) ≃ pF /k1 .
We have to say, however, that relation (III.25) does
not give a precise connection between the values ωBτ
and k1, so this connection should be specially studied
for every concrete irrational number κ. Using the theo-
rem of Dirichlet, we can see that for any irrational num-
ber κ there always exists an infinite sequence of rational
approximations
k
(s)
2 /k
(s)
1 , s = 1, . . . ,∞ ,
such that the following relations
∣∣∣∣∣ κ −
k
(s)
2
k
(s)
1
∣∣∣∣∣ <
1
(k
(s)
1 )
2
(III.26)
take place for every s. If we consider now a sequence
B(s) of the values of B, such that ωB(s)τ ≃ k
(s)
1 , we
get the relations
ωB(s)τ pF
∣∣∣∣∣κ −
k
(s)
2
k
(s)
1
∣∣∣∣∣ <
pF
k
(s)
1
,
analogous to (III.25), for this sequence.
It can be seen, that the estimation above should not
cause in general crucial deviations from the general trend
according to our picture.
Let us say, however, that the estimation (III.26) can
be actually improved if we consider “generic” irrational
numbers κ , representing a set of the full measure in R .
For example, the following theorem can be formulated
for generic κ :
Theorem (see e.g. [14]):
Let f(x) be a positive function of positive x , such that
the function xf(x) is non-increasing. Then for almost
all irrational κ the inequality
∣∣∣∣∣ κ −
k
(s)
2
k
(s)
1
∣∣∣∣∣ <
f(k
(s)
1 )
k
(s)
1
has infinitely many solutions (k
(s)
1 , k
(s)
2 ) if for some pos-
itive c the integral
∫ ∞
c
f(x) dx
is divergent.
The theorem above gives an improvement of the esti-
mation (III.26) for “almost all” irrational numbers κ in
the sense of the standard measure in R. Easy to see,
that the set of the functions f(x) , which can be used for
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the improvement of the estimation (III.26), is rather big.
For example, we can put
f1(x) = [x lnx]
−1
, x > 1 ,
f2(x) = [x lnx ln lnx]
−1 , x > e ,
etc. In particular, using the function f1(x) , we get for
the corresponding sequence of B(s) the estimation
ωB(s)τ pF
∣∣∣∣∣κ −
k
(s)
2
k
(s)
1
∣∣∣∣∣ <
pF
k
(s)
1 ln k
(s)
1
, (III.27)
(ωB(s)τ ≃ k
(s)
1 ).
The estimation above shows that the general trend
(II.9) for the functions q(B), p(B) should have in fact
an additional structure represented by the presence of
“plateaus” near the values B(s) .
As we said already, the estimation (III.27) can be used
for “almost all” irrational numbers, characterizing the
mean direction of open trajectories. For special irrational
numbers these estimations can be much stronger and we
should say in this case that the corresponding number
has “very good” approximations by rational numbers.
As we can see then, the general trend in the behavior of
skl(B) (k, l = 2, 3) can be understood as an implemen-
tation of the relations (II.9) for the “reference values” of
B , which represent an infinite sequence on the interval
m∗c/eτ < B < ∞. At the same time, near the values
B(s) the behavior of skl(B) demonstrates some kind of
“plateaus” where the local dependence on B is actually
different from the general trend. As a result, the global
behavior of skl(B) , k, l = 2, 3 demonstrates a kind of
“cascade structure” defined by the properties of the irra-
tionality κ . Let us note also that the cascade structure is
more distinct for the numbers κ , having better rational
approximations, and is smoothed for generic irrational
κ .
According to the above remark, we can also see that
the trend (II.9) has in some sense “conventional” char-
acter and can be also considered just as a convenient
choice among close possible descriptions of the asymp-
totic behavior of conductivity. We have to note also that
in the special case when the carriers of open trajectories
do not contain holes with singular points the relations
(II.9) should be actually changed to the simpler trend
q(B) ∼ p(B) ∼ (ωBτ)
−1
As it is not difficult to see, all the remarks above apply
also to the estimation (III.23), which can be violated in
the same situations as (III.22). For this reason, we should
consider the relation (II.10) just as a “reliable” restriction
on the function r(B) , defined by relation (II.7).
At the end of this section, let us consider the behavior
of the components σkl(B) , where k or l is equal to 1.
Let us note here that relations (II.7) represent in this
case the main terms in the behavior of these components
which determines the difference between the functions
a(B), b(B), c(B) and q(B), r(B), p(B) . According to
system (I.1) the integral
∫ s
−∞
vxgr(pz , s
′) ds′
represents the value − py(s) + const and is a bounded
function in our coordinate system. An elementary esti-
mation of the integral (III.19) gives now the main term
〈v1gr〉B (pz, s) ∼ (ωBτ)
−1
(III.28)
in the asymptotic behavior of the function 〈v1gr〉B , which
can be used in the formulae (III.20) - (III.21). In partic-
ular, we easily get from (III.20) the relation
∆σ11(B) ∼ (ωBτ)
−2 ,
which, being added also with the corresponding term of
(I.6), gives the first part of the relation (II.8).
Let us note now that the value 〈v1gr〉B demonstrates
also the property
∫∫
SˆγF
〈v1gr〉B (pz, s)
dpz ds
(2π~)3
= 0
(view the same property of v1gr(pz, s)). Using the repre-
sentation
〈vlgr〉B = 〈v
l
gr〉SˆγF
+ o(1) , B → ∞
(l = 2, 3) for generic mean direction of the open trajec-
tories in the formula (III.20), we then get the relations
∆ s12(B) ∼ ∆ s13(B) = o
(
(ωBτ)
−1
)
for the symmetric part of ∆σkl(B) .
We can see then, that the main terms in the asymptotic
behavior of the values σ1l(B) , σk1(B) , (l, k = 2, 3) are
defined by the anti-symmetric part of the conductivity
tensor. To estimate the corresponding terms let us note
now that the estimation (III.28) is also valid for the func-
tion
〈v1gr〉−B (pz , s) ≡
c
eBτ
∫ +∞
s
v1gr (pz , s
′) e
c(s−s′)
eBτ ds′
for our type of open trajectories. Using now the change of
the order of integration in formula (III.21) we can write
∆ a1l(B) =
=
e2 τ
2
∑
γ
∫∫
Sˆγ
F
(
〈v1gr〉−B − 〈v
1
gr〉B
)
vlgr
dpz ds
(2π~)3
(l = 2, 3), which gives the necessary estimation for the
functions ∆a1l(B) . Adding also the anti-symmetric part
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of the tensor (I.6), we get finally the remaining part of
the relation (II.8).
Let us note also that the higher corrections to the com-
ponents σ1l(B) , σk1(B) have more complicated behav-
ior for generic open trajectories in p - space but usually
are not considered in applications.
Let us say here, that the structure of σkl(B) described
above has in some sense abstract theoretical character
and probably can not be observed in all features in most
of the experiments. However, we expect that the basic
elements of the picture described above still can be de-
tected in special studies of the conductivity behavior in
strong magnetic fields. In general, we can expect that
in the most of the real experiments it can be just estab-
lished that the values σkl(B) − σ¯kl∞ , k, l = 2, 3 demon-
strate some general decreasing with the increasing of B
with not uniquely specified decreasing law. Quite often
it is convenient to approximate the behavior of σkl(B)
by some intermediate powers (ωBτ)
µ of the parameter
ωBτ , however, we should admit an irregular dependence
of the parameter µ on the direction and the value of B
in this case. Let us say also that the right-hand parts in
(III.22) - (III.23) can arise with big dimensionless coeffi-
cients having geometric origin, so for complicated Fermi
surfaces the interplay between the values σ¯kl∞ and q
2(B) ,
r(B) , p2(B) can be important even for rather big values
of ωBτ .
Let us say that the questions considered above are con-
nected mostly with the geometry of the stable open tra-
jectories. In the next section we will consider the aspects
of the conductivity behavior connected with the recon-
struction of the trajectories of this type.
IV. THE RECONSTRUCTION OF THE OPEN
TRAJECTORIES AND THE CONDUCTIVITY
BEHAVIOR IN THE “EXPERIMENTALLY
OBSERVABLE STABILITY ZONE” Ωˆα .
To explain the behavior of conductivity in the Zone Λα
we have to consider the reconstruction of the carriers of
open trajectories after crossing the boundary of the Zone
Ωα on the unit sphere. In general, the most essential
features of such reconstruction can be demonstrated by
the following simplified scheme:
Let us imagine the Fermi surface in R3 in the form of
an infinite set of integral planes (with holes) connected by
parallel cylinders of finite heights (Fig. 22). It is assumed
that all the planes are divided into the “even-numbered”
and the “odd-numbered” planes, which gives also the sep-
aration of the cylinders into two different classes. We will
assume here, that all the planes of a given class represent
the same object after the factorization over the recipro-
cal lattice vectors and the same is assumed also about
the cylinders of a given class. Thus, the physical Fermi
surface represents here two parallel two-dimensional tori
(with holes) T2 ⊂ T3 connected by two cylinders in T3.
B
FIG. 22: The simplified (schematic) Fermi surface, used for
demonstration of the main features arising at the boundary
of the Stability Zone Ωα.
It is easy to see that for those B, which are almost
parallel to the axes of the cylinders, the cylinders con-
structed above represent cylinders of closed electron tra-
jectories, while the planes with holes play the role of car-
riers of open trajectories. It can be seen also, that the
open trajectories on the planes of different types repre-
sent the motion in two opposite directions, while two
types of finite-sized cylinders carry closed trajectories
of the “electron type” and the “hole type” respectively.
Thus, we get a Stability Zone Ωα around the direction
Bˆ‖, parallel to the axes of the cylinders connecting the
integral planes.
The cylinders of the closed trajectories almost coincide
with the cylinders, connecting the planes, for directions
of B, close to Bˆ‖ , however, they become shorter and
represent just parts of these cylinders for B, deviating
from the direction Bˆ‖ . The boundary of the Zone Ωα
is defined by the condition that the height of the cylin-
ders of closed trajectories of one type (say, electron type)
becomes zero, while the height of the cylinders of closed
trajectories of another type remains finite. After cross-
ing the boundary of Ωα the individual integral planes do
not represent carriers of open trajectories anymore, how-
ever, we can still claim that near the boundary of Ωα
the cylinders of closed trajectories of the second type cut
our Fermi surface into pairs of connected integral planes
in R3. So, we can investigate here the behavior of trajec-
tories of system (I.1) separately on these separated parts
of the Fermi surface, which gives actually rather simple
description of the trajectories in R3 :
Let us denote here by Γα the integral plane, giving
the common integral direction of the planes considered
above, and by Π(B) the plane orthogonal to B. It is
not difficult to see that in the picture described above all
the trajectories on our Fermi surface become closed if the
intersection of Γα and Π(B) has irrational direction.
The appearance of the closed trajectories on every pair
of connected planes can be considered as a result of a re-
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FIG. 23: The long closed trajectories arising as a result of
a reconstruction of a pair of open trajectories on a pair of
connected planes after crossing the boundary of the Zone Ωα
on the angle diagram.
construction of the open trajectories, which is caused by
the “jumps” of the trajectories between two planes out-
side Ωα (Fig. 23). It is easy to see that these closed
trajectories will have very big length in the immediate
vicinity of the boundary of Ωα due to the low probabil-
ity of the “jumps” in this region. At the same time, it
can be seen also that for any fixed irrational direction of
intersection of Γα and Π(B) all the open trajectories
will necessarily pass through the reconstruction after the
crossing the boundary of Ωα.
The situation is rather different when the intersection
of Γα and Π(B) has a rational direction a. In this case
just a part of open trajectories undergoes reconstruction
after the crossing the boundary of Ωα by the direction
of the magnetic field, while the other trajectories still re-
main open. So, in this situation the long and the open
periodic trajectories coexist on the integral planes, hav-
ing different measure for different directions of B. It is
not difficult to see also, that the open trajectories have
the maximal measure near the boundary of Ωα and dis-
appear at the endpoints of the curve γˆα
a
.
From a simple estimation of the integrals in (III.10) we
easily get that in the interval 1 ≪ ωBτ ≪ λ(B/B) the
contribution of the long closed trajectories to the conduc-
tivity is similar to that of the stable open trajectories, so
we get formula (II.11) in this interval.
To estimate the contribution of the trajectories shown
at Fig. 23 in the limit ωBτ ≫ λ(B/B) let us just first
note that we have in general the relations
〈vygr〉tr (pz) = 0 , 〈v
z
gr〉tr (pz) 6= 0
for this type of trajectories. At the same time, we can
see that the trajectory shown at Fig. 23 can be con-
sidered as consisting of two parts belonging to different
former carriers of open trajectories with opposite values
of 〈vygr〉Sˆγ
F
and 〈vzgr〉Sˆγ
F
. As a result, the typical value of
〈vzgr〉tr on the closed trajectories is rather small and is
defined by the density of the trajectory on the (former)
carriers in the Brillouen zone. The exact dependence of
〈vzgr〉tr (pz) on the value λ(B/B) can have in fact a com-
plicated character, it’s not difficult to see, however, that
for our pretty rough definition of the function λ(B/B)
the simple approximation
〈vzgr〉tr (pz) ∼ λ
−1(B/B)
can be used. It can be seen also that with the same
accuracy we can also use the approximations
〈vygr〉B ∼ 〈v
z
gr〉B − 〈v
z
gr〉tr ∼ λ(B/B) / ωBτ
(IV.1)
for large but finite values of B . At the same time, for
the values 〈vxgr〉B we can use the relation
〈vxgr〉B ∼ 〈v
x
gr〉−B ∼ (ωBτ)
−1
(IV.2)
for all ωBτ ≫ 1 . Using the above relations, we then
easily get from (III.20) the following estimations
∆ skl(B) ≃
ne2τ
m∗

 0 0 00 0 0
0 0 ∗ · λ−2

 +
+
ne2τ
m∗

 (ωBτ)
−2 λ(ωBτ)
−2 λ(ωBτ)
−2
λ(ωBτ)
−2 λ2(ωBτ)
−2 λ2(ωBτ)
−2
λ(ωBτ)
−2 λ2(ωBτ)
−2 λ2(ωBτ)
−2


for the contribution of the long closed trajectories to the
symmetric part of the conductivity tensor. Let us note
also here that the integration over a set of carriers of
open trajectories SˆF = ∪ Sˆ
γ
F in formula (III.20) should
be understood now as the integration over the part of the
Fermi surface SLCT occupied by the long closed trajec-
tories.
Let us remind now, that the tensor ∆skl(B) should be
added also with the symmetric part of the contribution of
the short closed trajectories extracted from the relations
(I.6). As a result, the value s33(B) will get in fact a
finite contribution, which does not depend on the value of
λ(B/B) . We can claim, however, that the conductivity
behavior demonstrates here a partial suppression of the
conductivity along the direction of B , which is expressed
by the formula (II.13).
To evaluate the contribution of the long closed tra-
jectories to the anti-symmetric part of the conductivity
tensor we need actually a more detailed consideration of
the behavior of vkgr(pz , s) on the trajectories of this type.
Thus, using formula (III.21) in the form
∆ akl(B) =
=
e2τ
2
∫∫
SLCT
(
〈vkgr〉−B − 〈v
k
gr〉B
)
vlgr
dpz ds
(2π~)3
,
(IV.3)
we can easily get the estimation
∆ a12(B) ∼ ∆ a13(B) ∼ (ωBτ)
−1
from the relation (IV.2).
At the same time, the estimation of the value ∆a23(B)
requires in fact a more detailed analysis of the formula
(IV.3). Thus, the estimations (IV.1) can not be simply
used in formula (IV.3) to get the corresponding estima-
tion of ∆a23(B) because of the specific form of the tra-
jectories shown at Fig. 23. Indeed, as can be easily seen,
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the values vygr(s) and v
z
gr(s) on the trajectories of this
form are strongly correlated on big scales (∼ λ(B/B)),
so, their slow harmonics will in fact annihilate each other
in the anti-symmetric part of σkl(B) . More precisely, let
us represent the values vkgr(pz, s) on the long closed tra-
jectories in the form
vkgr(pz, s) =
+∞∑
m=−∞
vkgr (m)(pz) exp (imω0(pz) s) ,
(vkgr (−m) = v¯
k
gr (m)), where
ω0(pz) ≃ (m
∗ · λ(B/B))−1 .
It is not difficult to check then by direct calculation
that the contribution of the long closed trajectories to
the anti-symmetric part of the conductivity tensor can
be written as
∆ akl(B) =
ec
2B
∫
dpz
(2π~)3
×
×
+∞∑
m=−∞
2πim
(
vkgr (m) v¯
l
gr (m) − v¯
k
gr (m) v
l
gr (m)
)
(mω0(pz))
2 + (c/eBτ)2
(IV.4)
where the integration over pz is taken along the heights
of the cylinders of long closed trajectories. Let us
note here that the net height of all non-equivalent
cylinders of the long closed trajectories has the or-
der of pF /λ(B/B) while the density of the frequencies
ω(m)(pz) = mω0(pz) is proportional to λ(B/B) .
The correlation of the functions vygr(pz, s) and
vzgr(pz , s) on the trajectory means now that the coeffi-
cients vygr (m)(pz) and v
z
gr (m)(pz) are phase correlated,
i.e. have almost the same complex phases at small values
of m . In general, we can use the estimation
∣∣∣Arg vygr (m)(pz) − Arg vzgr (m)(pz)
∣∣∣ ∼ |m|
λ(B/B)
in the interval
−λ(B/B) ≤ m ≤ λ(B/B) .
At the same time, we can write for the same values of
m the relations∣∣∣ vygr (m)
∣∣∣ ≃ ∣∣∣ vzgr (m)
∣∣∣ ∼ λ−1/2(B/B)
for the trajectories of our type.
As a result, we can write approximately
∣∣∣ 2πim(vygr (m) v¯zgr (m) − v¯ygr (m) vzgr (m)
)∣∣∣ ∼ m2
λ2(B/B)
in the interval |m| ≤ λ(B/B) .
Using the above estimations in the formula (IV.4) we
can get now the regular expansion for the value ∆a23(B)
in the region ωBτ ≫ λ(B/B) , having the form
∆ a23(B) ≃
≃ (ωBτ)
−1

∆ a23(0) +
∑
k≥1
∆ a23(k)
(ωBτ
λ
)−2k
where all ∆a23(k) have the order of ne
2τ/m∗ . In partic-
ular, we can write in the main order
∆ a23(B) ≃
ne2τ
m∗
(ωBτ)
−1
Finally, we can write the estimation
∆ akl(B) ≃
ne2τ
m∗

 0 (ωBτ)
−1 (ωBτ)
−1
(ωBτ)
−1 0 (ωBτ)
−1
(ωBτ)
−1 (ωBτ)
−1 0


for the contribution of the long closed trajectories to the
anti-symmetric part of the conductivity tensor.
Easy to see also that after the addition of the contri-
bution of the short closed trajectories we get finally the
formula (II.14) for the anti-symmetric part of the con-
ductivity tensor.
For the values ωBτ ≃ λ(B/B) formula (III.10) gives
some intermediate regimes between (II.11) and (II.12)
- (II.14) which have in general some irregular form. We
don’t consider here these regimes in detail and just speak
of the experimental approach to description of σkl(B)
using intermediate powers of ωBτ . As we have already
said, the corresponding powers of ωBτ have in this case
just a local character and are not well defined as stable
characteristics of the conductivity behavior.
The schematic Fermi surface considered above looks
rather special from the general point of view. However, it
demonstrates all the main points of the behavior of open
trajectories near the boundary of the Stability Zone Ωα
which are important for us. In general, the schematic
picture represented above can be enriched by additional
cylinders of closed trajectories, connecting the integral
planes or just having a point as a cylinder base (Fig.
24). Theoretically, we can also consider the situation
when the connected parts of the Fermi surface joining
integral planes represent compound structures consisting
of several cylinders of closed trajectories (in fact, this
situation is extremely unlikely for real Fermi surfaces).
Still, the main feature of the reconstruction of the car-
riers of open trajectories after crossing the boundary of
Ωα for generic Fermi surface is given by the vanishing of
the height of one particular cylinder of closed trajecto-
ries and the division of the Fermi surface into the pairs of
integral planes, separated by other cylinders of closed tra-
jectories. The most general picture of the division of the
Fermi surface for Bˆ ∈ Ωα is given actually by the scheme
containing more than two non-equivalent integral planes
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FIG. 24: More general schematic surface representing the
structure of trajectories on real Fermi surface for directions
of B belonging to a fixed Stability Zone Ωα.
(with the same integral direction), connected by cylin-
ders of closed trajectories. In the last situation, which
is theoretically possible for Fermi surfaces of very high
genus, the pairs of integral planes and individual carriers
of open trajectories can coexist after the reconstruction
of a part of the open trajectories. Mathematically we will
have in this case an overlapping of two Stability Zones
Ωα and Ω
′
α with the same “topological quantum num-
bers”, which will result also in overlapping of the zones
Ωˆα and Ωˆ
′
α in the experimental study of conductivity.
The full conductivity tensor in the overlappings
Ωα ∩ Ω
′
α , Ωα ∩ Λ
′
α , Λα ∩ Ω
′
α , Λα ∩ Λ
′
α
is given in this case by the sum of the corresponding
asymptotic expressions above, so we have here a theo-
retical possibility to observe very complicated analytical
behavior of conductivity in the limit B →∞.
Let us point out here that the possibility of represen-
tation of the Fermi surface in the special form described
above in the case of presence of stable open trajecto-
ries is based on rather deep topological theorems playing
the most important role in the considerations of papers
[8, 10, 36]. So, the picture described above represents in
fact (under some generic requirements) the most general
situation.
At the same time, we have to note that the statement
above should be understood just as a topological charac-
terization of system (I.1) in the case of presence of stable
open trajectories. Thus, the topological structure shown
at Fig. 24 can have in fact much more complicated (vi-
sual) geometric representation in the p - space.
Finally, we can briefly describe the structure of the
“experimentally observable Stability Zone” Ωˆα , arising
in the quasiclassical approximation, as a union of the
following main parts:
I) The central part of the Zone Ωˆα (containing the
“mathematical Stability Zone” Ωα). The conductivity
behavior in this part demonstrates the “most regular” de-
pendence on the value of B , represented by the asymp-
totic regimes (II.7) or (II.11). At the same time, the
angular dependence of σkl(B) demonstrates here rather
irregular character due to the presence of the “rational
peaks” in the values of σkl(B) on a dense set of direc-
tions of B in this area (Fig. 13).
II) The zone of rather complicated form around the
central part of the Zone Ωˆα (the black area at Fig. 13).
The tensor σkl(B) demonstrates here the most compli-
cated dependence both on the value and the direction of
B , corresponding to a gradual transition from the regime
(II.11) to (II.12) - (II.14). For an approximation of the
behavior of σkl(B) the intermediate powers (ωBτ)
µ can
be locally used, in general the value of µ demonstrates
unstable behavior. At the same time, the behavior of
σkl(B) demonstrates a suppression of the conductivity
along the direction of B (σ33(B)) to some lower values
on the exterior boundary of this zone.
III) The “boundary region” of the Zone Ωˆα . The be-
havior of σkl(B) demonstrates here a gradual transition
from the regime (II.12) - (II.14) to the simpler behavior
(I.4). The behavior of σ33(B) demonstrates here a grad-
ual increasing of the conductivity along the direction of
B to its maximal value on the boundary of Ωˆα .
At the end of the paper, we would like to make also
one additional substantial remark. Namely, it can be
actually shown, that the topological structure of system
(I.1) admits also a similar description being considered
for the whole dispersion relation ǫ(p) and not just for a
fixed Fermi level ǫ = ǫF (see [10]). In particular, the
“Stability Zones” (corresponding to the presence of sta-
ble open trajectories at least at one energy level) can be
introduced for the whole spectrum ǫ(p) . From this point
of view, the “experimentally observable Stability Zones”
Ωˆα have in fact a connection with exact mathematical
Stability Zones, defined for the whole energy spectrum.
In particular, every “experimentally observable Stability
Zone” Ωˆα always belongs to a bigger mathematical Sta-
bility Zone Ω′α , defined for the whole spectrum ǫ(p) .
V. CONCLUSIONS.
We investigate the analytical behavior of conductivity
of normal metals in strong magnetic fields in the case
of presence of stable open electron trajectories on the
Fermi surface. As it is shown in the paper, the behavior
of conductivity can demonstrate rather nontrivial ana-
lytical properties in “experimentally observable Stability
Zones” even under the condition ωBτ ≫ 1 . In partic-
ular, in different parts of the experimentally observable
Stability Zone the behavior of conductivity can demon-
strate different types of “regular” or more complicated in-
termediate “irregular” regimes depending on the value of
the magnetic field. The results of the paper are based on
topological description of the carriers of open trajectories
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on complicated Fermi surfaces obtained in recent math-
ematical investigations of the corresponding geometric
problem.
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